Electrical Engineering and Computer Science ELE 551, Fall 2010
Syracuse University

Solutions to Homework #9

1. [10 points] (L&D Exercise 9.1-7) Consider the random process
z(t) =at* + b
where b is a constant and a is a random variable uniformly distributed in the range (—2,2), i.e., the
pdf of a is given by
I —2<a<?
0 otherwise

pa(z) =

(a) Find the mean of z(t), i.e., E[z(t)].
(b) Find the autocorrelation function z(t), i.e., Ry(t1,t2) = Elz(t1)x(t2)].
(c¢) Determine whether x(t) is a wide-sense stationary process or not.

Solution:
(a)
E[z(t)] = E[atQ] + b= Ela] x 2 4+b= b,

where Ela] = f32 sadr = 0.
(b)

Elx(t))x(ts)] = E[(at? + b)(at3 + b)] = E[a*t3t3 + ab(t? + t3) + b*] = E[a}]313 + b?
Ela?] = f_22 j2%dz = 3. Hence, Elz(t))z(t2)] = 3133 + b2
(¢) Ry(t1,t2) is not determined only by ¢1 — t2, so it is not a wide-sense stationary process.

2. [10 points] Let xz(t) = kt, where k is a random variable uniformly distributed over (—1,1),

i.e., the pdf of k is given by
i “1<z<i
pr(z) = {8 .

otherwise

(a) Find the mean of z(t), i.e., E[z(t)].
(b) Find the autocorrelation function z(t), i.e., Ry(t1,t2) = Elz(t1)x(t2)].
(c) Determine whether x(t) is a wide-sense stationary process or not.

Solution:

(a)

(b)

where E[k?] = f_ll saide = 1.



(c) Since the autocorrelation function R, (t1,t2) is not determined only by ¢; — ¢, it is not a
wide-sense stationary process.

3. [10 points| Suppose random process y(t) is the output of a linear time-invariant system with
WSS input x(t). The transfer function of the linear system is given by H(f). Indicate whether the
following statements are true or false. Justify your answers.

(a) The output y(t) is a WSS process.

(b) If H(f) <1 for all f, then the power of y(t) is less than or equal to the power of z(t).

Solution:

(a) True.

Proof: Since X (t) is WSS, suppose the mean of X(¢) is p, and the autocorrelation function of
X(t) is Ry(7), where 7 = t; — to. We have Y (t) = X (t) x h(t) = [*° X (¢t — u)h(u)du. The mean of
Y'(t) is given by

o0

B () = [ BXG - whde=p, [ huda

— 00

which is not a function of ¢. The autocorrelation function of Y (¢) is:

Ry(ti,ts) = E (/OO (ty — u)h(u)du /: o(ty — A)h(A)dA)

—00

_ / / Elw(ty — u)a(ts — N]Aw)h())dud
= / / Ry(m — u~+ N h(u)h(N)dudX
which depends only on 7 = t; — tg, i.e., Ry(t1,t2) = Ry (7). Hence, Y (t) is also WSS process.

(b) True.
Proof: the power of the input signal is P, = ffooo S (f)df, and the power of the output signal is

Py = [Z [H(HIS(f)df < [ Se(f)df = Py. So the output power is smaller than or equal to
the input power.

4. [10 points] A white noise process of PSD A /2 is transmitted through a bandpass filter H(f)
(shown in the figure below). Assume the center frequency used in this representation is 100 kHz.

(a) Represent the filter output n(t) in terms of quadrature components, and determine S, (f)
and Sy, (f).

(b) Find E[n?], E[n?], and E[n?].
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Solution:
(a) Representing the filter output in terms of quadrature components:

n(t) = ne(t) cos(wet) + ns(t) sin(wet)

where w, = 27 x 10°. The output PSD is:

Su(f) = [H(PPS:() = S 1H ()P

and

Snc(f) = Sns(f) = Sn(f+fc) +Sn(f - fc) for |f| < fe

which is given in the figure below
S, (=S, (f)
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