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On Compressive Orthonormal Sensing
Yi Zhou, Huishuai Zhang, and Yingbin Liang,

Abstract—The Compressive Sensing (CS) approach for recovering sparse signal with orthonormal measurements has been
studied under various notions of coherence. However, existing
notions of coherence either do not exploit the structure of the
underlying signal, or are too complicated to provide an explicit
sampling scheme for all orthonormal basis sets. Consequently,
there is lack of understanding of key factors that guide the sampling of CS with orthonormal measurements and achieve as low
sample complexity as possible. In this paper, we introduce a new
notion of π-coherence that exploits both the sparsity structure
of the signal and the local coherence. Based on π-coherence, we
propose a sampling scheme that is adapted to the underlying
true signal and is applicable for CS under all orthonormal
basis. Our scheme outperforms (within a constant factor) existing
sampling schemes for orthonormal measurements, and achieves a
near-optimal sample complexity (within some logarithm factors)
for several popular choices of orthonormal basis. Furthermore,
we characterize the necessary sampling scheme for CS with
orthonormal measurements. We then propose a practical multiphase implementation of our sampling scheme, and verify its
advantage over existing sampling schemes via application to
Magnetic Resonance Imaging (MRI) in Medical Science.
Index Terms—Compressive Sensing, Orthonormal, Coherence.

I. I NTRODUCTION
With ever growing data size in signal processing applications, taking full number of linear measurements of the
signal suffers from both high cost and low efficiency. In the
past decade, numerous work focus on recovering signals with
reduced number of linear measurements by exploiting special
structures of the signals. Among them, the sparsity of the
signal is found to be the key factor to reduce the sample
complexity [1], [2], [3], [8]. This leads to the development
of the so called Compressive Sensing (CS) technique, which
has been successfully applied to various applications such as
sparse MRI [4], face recognition [5], background subtraction
[6] and photo-acoustic tomography [7], just to name a few.
We consider an orthonormal setting of CS, which consists
of a pair of orthonormal basis Ψ, Φ ∈ Cn×n with basis
vectors Ψ := [ψ1T ; ...; ψnT ], Φ := [φT1 ; ...; φTn ], and an
underlying true signal x0 ∈ Cn . The basis Ψ provides a sparse
representation of the true signal, i.e., θ0 = Ψx0 is assumed
to be s-sparse. The basis Φ corresponds to the space over
which the orthonormal measurements {hφj , x0 i}nj=1 are taken.
Compressive sensing aims to recover the true signal x0 by
taking a few number of measurements. To be specific, denote
Ω ⊂ {1, . . . , n} as the index set of the sampled orthonormal
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measurements, and denote ΦΩ as Φ restricted on the rows
with index in Ω. Then CS aims to recover x0 via
(P)

min kΨxk1

x∈Cn

s.t. ΦΩ x = ΦΩ x0 .

A fundamental problem is to characterize the number of
samples that guarantees problem (P) uniquely recover the
underlying signal. It has been well understood that sample
complexity is highly related to sampling schemes, and three
types of sampling schemes have been considered so far.
(a) Uniform sampling is considered in [9], in which each
orthonormal measurement φj , j = 1, · · · , n is equally likely
to be taken. It has been shown via a RIPless theory that
the sample complexity depends on the following notion of
coherence
(Mutual Coherence) µ(Ψ, Φ) := max |hψi , φj i|2 ,
1≤i,j≤n

and is of the order O(µ(Ψ, Φ)sn log n). In the low mutual
coherence regime (i.e. µ(Ψ, Φ) = O(1/n)) this sample
complexity is order-wise optimal up to a logarithm factor.
However, the sample complexity scales as large as the trivial
order O(n log n) if any pair of the basis vectors are exactly
aligned (i.e. maximally coherent) with each other.
(b) Measurement-adaptive sampling scheme was studied
in [10], [11], in which each orthonormal measurement φj is
sampled with probability being proportional to the so-called
local coherence, i.e.,
(Local Coherence) µ(Ψ, φj ) := max |hψi , φj i|2 .
1≤i≤n

(1)

The local coherence is determined by the basis pair and can be
viewed as mutual coherence localized at the j-th measurement.
It was shown
in [10] that the sample complexity is of the
P
order O( j µ(Ψ, φj )s log3 sPlog n)) via a RIP argument, and
was further improved to O( j µ(Ψ, φj )s log s log n)) via a
RIPless argument in [11].
(c) Measurement-and-signal adaptive sampling scheme
was proposed in [11]. There, the sampling of the orthonormal measurements is based on some complicated notions of
coherence 1 , which are related to both the support information
of the underlying true signal and the basis pair. Only under
Ψ being the bivariate Haar wavelet basis and Φ being the
discrete Fourier basis, the sampling scheme is given in explicit
form, and sample complexity is shown to be on the order
O(s log s log n).
The focus of this paper is to resolve remaining issues for
the third type of sampling scheme. The notion of coherence
introduced in [11] does not yield a universal sampling scheme
for recovering the true signal in all orthonormal basis pairs,
and may not be the real underlying quantity that governs
1 For

simplicity we do not present them here.
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the sample complexity. Hence, our goal is to find out the
fundamental notion of coherence to guide the design of the
sampling scheme, which 1) is adapted to the underlying true
signal; 2) is generally applicable to all basis pairs; and 3)
yields better sample complexity.
A. Main Contributions
We propose the new notion of π-coherence (see Definition 1) to capture how an orthonormal measurement φj is
coherent with the subspace where the true signal lies. Based
on the notion of π-coherence, we propose a Bernoulli sampling
scheme that is generally applicable for all pairs of orthonormal
basis.
Our sampling scheme reveals the relationship among sample
complexity, sparsity structure of the true signal and coherence
pattern of the basis pair. We further show that our scheme
achieves lower sample complexity (within a constant factor)
than uniform sampling [8], measurement-adaptive sampling
[10] and measurement-and-signal adaptive sampling [11]. For
several popular choices of orthonormal basis pairs, we show
that our sampling scheme achieves a near-optimal sample
complexity (within some logarithm factors). Furthermore, we
characterize the fundamental necessary sampling scheme for
CS with orthonormal measurements.
Our technical proof introduces a weighted infinity norm
to control the concentration bounds in a tighter way. Consequently, these new concentration bounds avoid involving
complicated notions of coherence as those in [11], and lead to
our notion of coherence that has an intuitive physical meaning
on the sparsity structure of the signal and the coherence pattern
of the orthonormal basis pair.
For practical applications, we propose a multi-phase version
of our sampling scheme, which iteratively learns the subspace
information of the true signal and and updates the sampling
scheme in the next phase.
B. Related Work
Various kinds of sampling schemes have been proposed for
CS with orthonormal measurements. Some schemes are empirically oriented [12], [13], [14], [15], where the schemes were
demonstrated to be useful in specific applications. Closely to
our work are schemes theoretically oriented such as uniform
sampling [8], [9], mixture of full sampling in finite regime and
uniform sampling in asymptotic regime [16], measurementadaptive sampling [10], [11], and measurement-and-signal
adaptive sampling [11]. Our work falls into the last type of
sampling scheme that is adapted to both the underlying true
signal and the basis pair. Differently from [11] which explicitly
derives sampling scheme only for a specific basis pair, our
scheme is generally applicable to all orthonormal basis pairs
and yields a better sample complexity.
There is another series of work on adaptive compressive
sensing [17], [18], [19]. There, the focus was on recovering
the support of the signal via adapting the distribution from
which the random measurements are generated, and do not
involve any notion of coherence. In contrast, we are interested
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in recovering the signal by sampling deterministic orthonormal
measurements based on our notion of coherence.
Adaptive sampling has also been considered in matrixrelated problems by exploiting the leverage score [20], [21],
[22], which is related to the projections of canonical unit
vectors onto row/column spaces of the matrix. In particular,
[22] proposed a sampling scheme that is adapted to the leverage scores of each entry of the matrix for matrix completion
problems.
C. Organization and Notations
This paper proceeds as follows. Section II introduces the
signal model and our notion of coherence; In Section III we
present our sampling scheme and analyze the performance
guarantee of the sampling scheme; In Section IV we propose
a multi-phase algorithm to illustrate how to implement our
sampling scheme in practice; In Section V we present various
numerical experiments to demonstrate our theoretical characterization, and finally we conclude the paper in Section VI.
We adopt the following notations in the paper
x0 : the underlying signal to recover;
Ψ, Φ: the representation basis and measurement basis;
Ω: the index set of sampled measurements;
θ0 : the representation of x0 in basis Ψ;
S: support set of θ0 ;
Π: the subspace of Ψ where x0 lies in.
k · kp : Euclidean lp norm;
k · k: spectral norm of an operator;
I, H, F : the canonical basis, bivariate Haar wavelet basis
and discrete Fourier basis, respectively.
II. S IGNAL M ODEL AND π-C OHERENCE
Suppose that the representation of signal x0 in basis Ψ, i.e.
θ0 = Ψx0 , is s-sparse. Denote S as the support set of θ0 .
Then the following two complementary subspaces are well
defined
Π : span{ψj | j ∈ S},

Π⊥ : span{ψj | j ∈ S c }.

(2)

It follows that x0 ∈ Π, and dim(Π) = s. Following [9],
[23], we consider the following random sign model of the
underlying signal.
Assumption 1. The sign of the non-zero entries of θ0 is
distributed independently from their locations as

1, w.p. 1/2
∀j ∈ S, sgn(θ0 )j =
−1, w.p. 1/2
We also denote PΠ , PΠ⊥ as the projection operators onto
Π, Π⊥ , respectively. Now we propose the following notion of
coherence, which plays a fundamental role in our design of
the sampling scheme and characterization of its performance
guarantee.
Definition 1. (π-coherence) The π-coherence of measurement
φj w.r.t. space Π is defined as
π(Π, φj ) := max{kPΠ φj k22 , kPΠ φj k2 kΨPΠ⊥ φj k∞ }.
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In the above definition of π-coherence, the first term (i.e. l22 )
corresponds to the “energy” of each measurement φj onto Π.
Intuitively, a larger value of this term implies that measurement
φj is more aligned with Π where the underlying signal lies
in, and hence can retrieve more information of the signal.
Moreover, the l22 structure of this term also reveals the sparsity
structure of the signal.
To be specific, consider arbitrary orthogonal decomposition
of Π into p subspaces {Πl }pl=1 with corresponding dimensions {sl }pl=1 . Then for all j, one has
Lp
Pp
Π = l=1 Πl , kPΠ φj k22 = l=1 kPΠl φj k22 . (3)

With regard to the full support dim(Π) = s of the signal,
{dim(Πl ) = sl }pl=1 can be viewed as a sparsity structure
into subspace decompositions. Correspondingly, each term
kPΠl φj k22 measures the alignment of φj with subspace Πl ,
and their summation yields the full coherence.
The second term (i.e. l2 · l∞ ) further contains an l∞
component, which can be interpreted as (square root of) the
local coherence of φj with regard to Π⊥ , i.e.
q
kΨPΠ⊥ φj k∞ = µ(Π⊥ , φj ) := maxc |hψi , φj i|. (4)
i∈S

Intuitively, such local coherence is involved because one need
to recover zeros on Π⊥ (recall that x0 ∈ Π) to guarantee fully
correct recovery of the signal.
In summary, our notion of π-coherence incorporates the
general sparsity structure of the signal as in eq. (3) and the
local coherence as in eq. (4). This is different from the mutual
coherence [8], [9], the asymptotic coherence [16], and the
local coherence [10], [11], none of which exploits the sparsity
structure of the signal. Moreover, it has a simpler form than the
notions of coherence introduced in [11], and is more general
in subspace decomposition as eq. (3). In the next section,
we demonstrate that our notion of coherence serves more
fundamental purpose in characterizing sufficient and necessary
conditions on sample complexity for performance guarantee.
III. M AIN R ESULTS
In this section, we present our main results with proofs
provided in the appendix.
A. Sampling Scheme and Performance Guarantee
We propose the following Bernoulli sampling, i.e., measurement φj is taken with probability given by
P(j ∈ Ω) ∼ Bernoulli(pj ),

for j = 1, . . . , n.

(5)

The sampling probability is set based on the π-coherence as
we state in the following theorem.
Theorem 1. Let Assumption 1 hold and fix any pair of
orthonormal basis Ψ, Φ. Then x0 is√ the unique minimizer of
(P) with probability at least 1 − s− C0 , provided that
pj ≥ min{C0 π(Π, φj ) log s log n, 1}
pj ≥ 1/s20 .

where C0 > 1 is a universal constant.

(6)
(7)

In fact, the constraint in eq. (7) is to avoid singularity
in the proof, and the power of s can be raised up further
by slightly increasing C0 . Effectively, eq. (6) determines the
sampling scheme, which requires to sample the φj measurement with probability proportional to the corresponding πcoherence π(Π, φj ). Thus, inheriting from π-coherence, our
sampling scheme exploits the sparsity structure of the signal
in eq. (3) and the local coherence in eq. (4). Intuitively, if
measurement φj is more aligned with the signal space Π,
then such measurement is sampled with higher probability.
We further note that our sampling scheme is generally
applicable to all pairs of orthonormal basis. This is in contrast
to the same type of alternative sampling scheme in [11]
that also exploit both signal and basis information based on
two complicated notions of coherence. There, the sampling
scheme in general do not have closed form. Only for the
MRI example (with Haar wavelet basis and Fourier basis),
an explicit scheme is obtained that samples uniformly among
the Fourier measurements in different dyadic levels based on
the sparsity of the signal in different levels of wavelet basis. In
contrast, our sampling scheme exploits the fully decomposable
sparsity structure in eq. (3) for all orthonormal basis.
Theorem 1 alsoPcharacterizes the expected number of mean
surements, i.e.,
j=1 pj , that guarantees correct recovery
of the signal. Clearly, the π-coherence plays a central role
similar to other notions of coherence in determining sample
complexity. Thus, in the following theorem, we compare πcoherence with other notions of coherence, which thus yields
comparison of sample complexity among the corresponding
sampling schemes.
Theorem 2. For j = 1, . . . , n, the following inequality that
compares various notions of coherence holds:
q
π(Π,φj) ≤ kΨPΠ φjk1 µ(Ψ,φj) ≤ sµ(Ψ,φj) ≤ sµ(Ψ,Φ).
Remark 1. Theorem 2 suggests that our sampling scheme
based on π-coherence has the lowest sample complexity
(within a constant factor) in comparison to the basis-andsignal adaptive sampling schemes in [11] (based on coherences lower bounded by the second term above), the basis
adaptive sampling scheme [10] (based on local coherence in
the third term above), and the uniform sampling [9] (with
sample complexity captured by the maximum coherence in the
last term above).
The proof of Theorem 1 is based on the convex duality
argument and the so called golfing scheme originated from
matrix completion literature [24]. The notion of coherence and
the corresponding sampling scheme naturally arise to control
the concentration bounds. Specially, novelty of our proof lies
in introduction of the following weighted infinity norm of a
vector w
kwkΦ,∞ := max
j

|hw, φj i|
,
kPΠ φj k2

(8)

which together with the π-coherence allows to control the
following concentration bounds in Lemma 5 and Lemma 6
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with high probability.

Example 2. (highly coherent)
Ψ = H, Φ = F , and Hx0 is s-sparse.

p
kΨS c (RΩk − I)wk∞ ≤ kwkΦ,∞ / C0 , 1 ≤ k ≤ k0 ,
k(PΠ RΩk PΠ − PΠ )wkΦ,∞ ≤ kwkΦ,∞ /2, 1 ≤ k ≤ k0 .
0
The above {Ωk }kk=1
are decomposed Bernoulli random models
of Ω, and the second bound is further tightened in the detailed
proof. We refer to the appendix for more details of the
parameters and the way to apply the bounds. Consequently,
these new concentration bounds help to prove the high probability guarantee and avoid involving complicated notions
of coherence. In fact, the idea of using weighted norm to
control the concentration bounds has also been explored in
low-rank matrix completion problems [25], [26]. However,
their weighted norms are different, which depend on the
incoherence property of the row and column spaces of low
rank matrices.

µ(ψi , φj ) ≤ 2−k(j) 2−|k(j)−k(i)| .

B. Complexity, Sparsity and Coherence Pattern
In this subsection, we understand further the sample complexity of our sampling
scheme. Due to eq. (6), the sample
P
complexity, i.e. nj=1 pj , is upper bounded by the summation
of the two terms involved in π-coherence. The summation of
the first l22 term provides a clear view of the sparsity structure
of the signal. Specifically, consider the general orthogonal
decomposition in eq. (3), one has
n
X
j=1

kPΠ φj k22

=

p X
n
X
l=1 j=1

kPΠl φj k22

=

p
X

sl = s.

(9)

l=1

That is, the summation of the first term is a collection of
the sparsity of the signal in each subspace Πl , and in total
contributes the whole sparsity of the signal to the sample
complexity. The second l2 · l∞ term is related to both the
sparsity structure and the local coherence, and thus its summation depends on both the sparsity structure and the pattern
of the local coherence.
We next demonstrate that the above characterization of the
sample complexity for all basis pairs Ψ and Φ reduces to the
state-of-the-art results in specific examples. In particular, we
wish to understand more explicitly how interaction of the two
terms in π-coherence yields the sample complexity via these
specific examples. In the sequel, I, H, F denote the canonical
basis, bivariate Haar wavelet basis and discrete Fourier basis,
respectively.
Example 1. (maximally incoherent)
Ψ = I, Φ = F , and Ix0 is s-sparse.
This example arises in applications that aims to recover
sparse signals via a number of Fourier measurements [27].
It is well known that this pair of basis have an incoherent
local coherence pattern, i.e. for all i, j ∈ {1, · · · , n}
µ(ψi , φj ) = 1/n.

This example arises in the popular Magnetic Resonance
Imaging (MRI) application [28], [11], [10]. There, x0 corresponds to medical image that can be sparsely represented in
the Haar wavelet basis, and the physical device takes Fourier
measurements of the signal. While the mutual coherence is as
high as µ(H, F ) = 1, this pair of basis have a well behaved
local coherence pattern. To be specific, we assume without
of loss of generality that n = 2p and introduce a dyadic
partition of the index set {1, · · · , n} into p+1 levels, i.e. L0 =
{1}, L1 = {2}, L2 = {3, 4}, · · · , Lp = {n/2 + 1, · · · , n}. For
any j ∈ {1, · · · , n} we also define k(j) as the dyadic level that
j belongs to, i.e., j ∈ Lk(j) . Then for all i, j ∈ {1, · · · , n},
the following pattern of local coherence follows from Lemma
D.1 in [11]

(10)

Then a simple calculation yields that ∀j, π(Π, φj ) ≡ s/n,
and consequently our sampling scheme becomes the optimal
uniform sampling scheme for this example with sample complexity being of the order O(s log s log n).

(11)

Intuitively, the pair of basis are more incoherent in the asymptotic region (i.e., large i, j), and this observation motivates the
introduction of the asymptotic coherence in [16]. By exploiting
the coherence pattern in eq. (11), we can control the summation of the second term in π-coherence, and characterize the
following sample complexity for our sampling scheme with
the proof given in Section C.
Lemma 1. With the coherence pattern in eq. (11), one yields
that
Pp √
Pn
(12)
l=0 sl ,
j=1 kPΠ φj k2 kΨPΠ⊥ φj k∞ .
where {sl }pl=0 are sparsity of the signal in different levels of
wavelet basis. Consequently, the sample complexity of eq. (6)
for Example 2 is of the order O(s log s log n).

In comparison, our sampling scheme in eq. (6) achieves
better sample complexity than [10] for Example 2 (which is
on the order O(s log3 s log2 n)), and recovers the same orderlevel sample complexity as [11] for Example 2. However,
the first inequality in Theorem 2 implies that our sample
complexity is in fact lower than that in [11], although they
are on the same order. One possible reason is due to the fact
that sampling scheme in [11] samples uniformly among the
Fourier measurements over the same dyadic levels, leading to
a block structure of the sampled Fourier frequencies which
does not fit the spectrum of natural images. The advantage
of our sampling scheme turns out to be more prominent in
experiments in Section V.
Example 3. (maximally coherent)
Ψ = Φ, and Ψx0 is s-sparse.
That is, the basis pair are exactly aligned with
µ(ψi , φj ) = I{i = j},

(13)

where I{·} is the binary indicator. Thus, π-coherence satisfies
π(Π, φj ) = I{φj ∈ Π}, and Theorem 1 implies that with
C0 log s log n > 1, pj = 1 if φj ∈ Π, and pj = 0 otherwise.
Namely, sample only the measurements that are in Π. This is
intuitive because only if each basis vector in the signal space
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Π is sampled, the signal component over that basis vector can
be recovered. Clearly, the sample complexity is O(s), which is
in contrast to the basis adaptive sampling scheme in [10] that
samples all n measurements for this example. This justifies
the advantage of incorporating support structure of the signal
into our sampling scheme.
The above three examples represent different types of coherence patterns. Our sampling scheme based on π-coherence for
general basis pairs achieves near optimal sample complexity
when specialized to these cases.
C. Lower bound for orthonormal sensing
In this subsection, we present a lower bound for orthonormal sensing and further justify the fundamental role that πcoherence plays. The following theorem states the result.
Theorem 3. Fix and pair of orthonormal basis Ψ, Φ. If for
all j = 1, · · · , n
pj ≤

kPΠ φj k22 ,

(14)

Then there are infinitely many solutions other than x0 that
achieves the same objective value of problem (P) with high
probability.
An intuitive explanation for the above converse is that
the number of measurements sampled by eq. (14) can be
less than its expectation s, hence problem (P) becomes
under-determinant for uniquely identifying an s-sparse signal.
Clearly, one can see that our sampling scheme in Theorem
1 has a small gap, i.e., the additional l2 l∞ term in the πcoherence, compared to the above necessary sampling scheme
(except for the logarithm terms). This might be an artifact of
the duality argument and the use of weighted norm in the
proof, but fortunately it does not affect the order of sample
complexity of the popular examples discussed above. It is
unclear how to fix this small gap and we leave it for future
study.
IV. M ULTI -P HASE S AMPLING S CHEME
Our adaptive sampling scheme requires the knowledge of
the signal space Π, which is usually unknown a priori. We
now propose a multi-phase implementation of our sampling
scheme, where the signal space is estimated via previous
phases, and is then exploited in subsequent phases for adaptive
sampling. More specifically, suppose the multi-phase sampling
scheme consists of P phases, and each phase takes m measurements. Clearly, we require mP ≤ n. Then the main steps
in each phase p = 1, · · · , P are described in Algorithm 1.
We note that one can of course use other sampling schemes
in the initial phase than the uniform sampling scheme. We use
uniform sampling scheme to emphasize the advantage of our
adaptive sampling scheme in subsequent phases.
(Trim the Π space): In the multi-phase sampling scheme,
estimation of Π, Π⊥ from the recovered signal xp is based
on the definition in eq. (2). However, in practice, all entries of
the representation vector θp := Ψxp can be strictly non-zero
with majority components having very small magnitudes. Such
phenomenon yields Π that span over the entire space, and the

Algorithm 1 Multi-phase Sampling for CS
Initial phase p = 1:
get
1). Uniform sampling scheme → Ω1 with m measurements.
set
2). Solve problem (P) with Ω = Ω1 for the solution x1 ,
⊥
and evaluate its Π, Π according to eq. (2).
Phase p = 2, · · · , P :
1). Evaluate pj in eq. (6) with the Π, Π⊥ evaluated in
previous phase for unsampled j ∈
/ ∪p−1
k=1 Ωk ; Set pj = 0
for the sampled measurements.
2). Normalize {pj } to a probability distribution, according
to which sample m measurements sequentially to get Ωp .
After each sample j we set pj = 0 and renormalize {pj }.
set
3). Solve problem (P) with Ω = ∪pk=1 Ωk for the solution
⊥
xp , and evaluate its Π, Π according to eq. (2).
Output xP .

sampling scheme in eq. (6) reduces to the uniform sampling
scheme and hence not signal adaptive. To overcome this issue,
we relax the criterion in eq. (2) by removing the entries
with small magnitudes. To be specific, we set a threshold
of the magnitude θ̃ > 0 with which Π is set to span over
span{ψj , |(θp )j | > θ̃}. The threshold is searched among all
magnitudes of entries to satisfy the following criterion
kPΠ xp k22 = 0.95kxp k22 .

(15)

That is, θ̃ thresholds out those entries with small magnitudes
and keeps 95% of the energy of xp . The resulting Π is then
spanned by the small amount of basis vectors with coefficients
of high magnitudes, providing accurate approximation with
a much smaller dimension. We note that one can of course
change 95% to other quantities, and it controls the approximation error via kPΠ xp − xp k22 = 5%.
V. N UMERICAL E XPERIMENTS
In this section, we study the performance of our basisand-signal adaptive sampling scheme defined in eq. (6), and
compare it with the uniform sampling [8], basis-adaptive
sampling [10], and uniform by level sampling (a specific
basis-and-signal adaptive scheme) [11]. Since our scheme
and the uniform by level sampling [11] are signal-dependent,
we implement them by the multi-phase scheme described in
Algorithm 1. Since some of the above sampling schemes are
proposed only for special case, we use the common Example 2
as the test example. All experiments are repeated five times
and the average is reported as the final result.
A. Total Budget v.s. Relative Error
We first consider the noisefree setting, and apply the
sampling schemes of interest to recover a 256×256 MRI
brain image. The budget of measurements is set to be
20%, 25%, · · · , 70% of the total dimensions, respectively. The
number P of phases for the multi-phase sampling schemes is
set to be two, which is justified in our subsequent experiment
in Section V-B. Denote x∗ as the original image and∗ x̂ as
2
.
the recovered image. We report the relative error kxkx−x̂k
∗k
2
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Figure 1 plots how the relative error reduces as the total budget
increases for four sampling schemes. It can be seen that the
uniform sampling [8] and the uniform by level scheme [11]
suffer from high relative error and instability, while the basisadaptive scheme in [10] and our scheme provide more accurate
and stable recovery. In particular, our scheme outperforms
all other three schemes. It is superior over the uniform and
basis adaptive sampling due to the fact that it adapts to
both the local coherence of basis and the signal space Π.
Although the uniform by level sampling also adapts to the
signal information, adaption is limited only across levels, not
over the entire basis vectors as in our scheme.

6

Number of phase
Relative Error

2
3
0.095
0.085
TABLE I

4
0.089

5
0.082

C OMPARISON OF THE PERFORMANCE OF OUR MULTI - PHASE SAMPLING
SCHEME UNDER DIFFERENT NUMBERS OF PHASES

recover an MRI image, and set the number of phases to be
P = 2, · · · , 5, respectively. Table I shows the relationship
between the number of phases and the corresponding relative
error. One can see that for more than 2 phases the relative
error stays at the same level. This suggests that two phases
are sufficiently good to achieve a low relative error for our
experiments.
VI. C ONCLUSION

Fig. 1. Comparison of relative errors of four sampling schemes to recover a
medical image as the number of measurements increases.

To provide a better illustration, we present in Figure 2
the recovered images and their corresponding sampling masks
of the sampled Fourier frequencies for the setting with 30%
budget of total dimensions.
One can see that the image recovered by our sampling
scheme has the best quality. Note that we have shifted the
Fourier basis to center the spectrum and the sampling masks.
One can see that the sampling mask of the uniform by level
scheme in [11] has a block structure, which does not fit the
spectrum of the original signal well. The sampling mask of
the basis-adaptive scheme in [10] is a good approximation
of the spectrum of practical smooth images, but is generated
by a fixed probability distribution that is not adapted to the
underlying signal. Our sampling mask is the mixture of a
uniform mask (in the initial phase) and a mask generated by
adaptive sampling scheme (in the second phase). Despite its
uniform part of the mask, one can see that the mask of our
scheme is well adapted to the spectrum of the original signal.
B. Number of Phases
A key parameter that affects multi-phase sampling schemes
is the number P of phases. Intuitively, larger P allows more
measurements to be sampled adaptively, but requires more
computation for estimating Π, Π⊥ and {pj } in each phase.
Hence, a good choice of P can well balance the recovery error
and computational load. We apply our multi-phase sampling
scheme with 30% measurements of the total dimensions to

We propose a Bernoulli sampling scheme for CS with
orthonormal basis, which is applicable to all orthonormal basis
pairs. The scheme is based on π-coherence that exploits both
the support structure of the signal and the local coherence.
Our sampling scheme reveals the relationship between sample
complexity and sparsity of the signal as well as coherence
pattern of the basis, and achieves lower sample complexity
(within a constant factor) than that of existing basis and signal
adaptive sampling schemes. Furthermore, we characterize the
neccessary sampling scheme for orthonormal measurements.
We also propose a practical multi-phase implementation of our
sampling scheme, and demonstrate its advantage over other
existing sampling schemes via experiments. We anticipate that
such signal-dependent adaptive sampling together with multiphase implementation can be useful for other high dimensional
problems with limited budget of measurements.
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A PPENDIX A
P ROOF OF T HEOREM 1
We first characterize the sub-differential of kΨx0 k1 via the
following proposition for convenience.
Proposition 1. The sub-differential of kΨx0 k1 w.r.t. x0 can
be expressed as ∂x0 kΨx0 k1 = γS + γS c , where


X

X
γS =
sgn(θ)j ψj , γS c :=
fj ψj | kf k∞ ≤ 1 .
 c

j∈S

j∈S

Moreover, γS ∈ Π and γS c ∈ Π⊥ .

Proof. Consider arbitrary vector x with its support set denoted
as S, it is well known that
∂kxk1 := {sgn(x) + f | supp(f ) = S c , kf k∞ ≤ 1.}. (16)
Then for the vector θ = Ψx0 with support set S, the chain
rule gives
∂x0 kΨx0 k1 = ΨT ∂kΨx0 k1

(17)

(i)

= ΨT (sgn(θ) + f )
X
(ii) X
=
sgn(θ)j ψj +
fj ψj ,

(19)

j∈S c

j∈S

|

(18)

{z

γS

}

| {z }
γS c

where (i) follows from the sub-differential in eq. (16), and
(ii) follows from the fact that supp(θ) = S, supp(f ) = S c .
Clearly, γS ∈ Π, γS c ∈ Π⊥ .
Next we introduce the random variable δj ∼ Bernoulli(pj ),
and define the weighted sampling operators
RΩ (x) :=

n
n
X
X
δj
δj
1/2
hx, φj iφj , RΩ (x) =
√ hx, φj iφj .
p
pj
j=1
j=1 j

JOURNAL OF LATEX CLASS FILES, VOL. 14, NO. 8, AUGUST 2015

8

Then we present below a set of conditions that guarantee x0
be the unique minimizer of problem (P).
Lemma 2. If there exists a vector ν with the following
conditions hold
ΦΩc ν = 0;

(20)

kΨS c PΠ⊥ νk∞ ≤ 1/4;

(21)

kPΠ RΩ PΠ − PΠ k ≤ 1/2,

(23)

kPΠ (γS − ν)k2 ≤ 1/2s10 ;

(22)

then problem (P) has the unique minimizer x0 .
Proof. Our goal is to show that any feasible perturbation of
the signal, i.e. x0 + ∆x with ΦΩ ∆x = 0, strictly increases
the objective function of problem (P) with the above set of
conditions. By convexity we have

1/2

On the other hand, the quantity kRΩ PΠ ∆xk22 satisfies
(i)

= hPΠ ∆x, PΠ RΩ PΠ ∆xi

= hPΠ ∆x, (PΠ RΩ PΠ − PΠ )∆xi + kPΠ ∆xk22

≥ −kPΠ RΩ PΠ − PΠ kkPΠ ∆xk22 + kPΠ ∆xk22

(ii)

≥

1
kPΠ ∆xk22 ,
2

(26)
1/2

where (i) follows from the fact that PΠ , RΩ are self
adjoint, and (ii) is by eq. (23). Then combine eq. (26)
1/2
with eq. (25) we obtain kRΩ PΠ⊥ ∆xk22 ≥ 12 kPΠ ∆xk22 .
1/2
1/2
Also observe that kRΩ PΠ⊥ ∆xk22 ≤ kRΩ k2 kPΠ⊥ ∆xk22 =
1
2
minj pj kPΠ⊥ ∆xk2 . We then further obtain
kPΠ⊥ ∆xk22 ≥

kΨ(x0 + ∆x)k1

1/2

1/2

1/2

kRΩ PΠ ∆xk22 = hRΩ PΠ ∆x, RΩ PΠ ∆xi

minj pj
kPΠ ∆xk22
2

eq. (7)

≥ 1/2s20 kPΠ ∆xk22 .

≥ kΨx0 k1 + h∆x, ∂x0 kΨx0 k1 i
(i)

= kΨx0 k1 + h∆x, γS + γS c i
= kΨx0 k1 + h∆x, γS − νi + h∆x, νi + h∆x, γS c i
(ii)

= kΨx0 k1 + h∆x, γS − νi + h∆x, γS c i

(iii)

= kΨx0 k1 + hPΠ ∆x, PΠ (γS − ν)i

(iv)

+ hPΠ⊥ ∆x, −PΠ⊥ νi + hPΠ⊥ ∆x, γS c i

= kΨx0 k1 + hPΠ ∆x, PΠ (γS − ν)i
+ hΨPΠ⊥ ∆x, −ΨPΠ⊥ νi + hΨPΠ⊥ ∆x, f i

(v)

= kΨx0 k1 + hPΠ ∆x, PΠ (γS − ν)i

+ hΨPΠ⊥ ∆x, −ΨS c PΠ⊥ νi + hΨPΠ⊥ ∆x, f i.

Above, (i) follows from Proposition 1, (ii) is due to eq. (20)
and the fact that ΦΩ ∆x = 0, (iii) follows from the facts that
γS ∈ Π, γS c ∈ Π⊥ , (iv) follows from the facts that ΨγS c =
ΨΨT f = f , and (v) follows from ΨPΠ⊥ = ΨS c PΠ⊥ .
Since kf k∞ ≤ 1, the duality between l1 and l∞ guarantees the existence of an f such that hΨPΠ⊥ ∆x, f i =
kΨPΠ⊥ ∆xk1 . Then the last equation above further gives
kΨ(x0 + ∆x)k1
≥ kΨx0 k1 + hPΠ ∆x, PΠ (γS − ν)i

≥ kΨx0 k1 − kPΠ ∆xk2 kPΠ (γS − ν)k2
+ kPΠ⊥ ∆xk2 (1 − kΨS c PΠ⊥ νk∞ )

(ii)

1
3
kPΠ ∆xk2 + kPΠ⊥ ∆xk2 ,
(24)
2s10
4
where (i) uses the fact that kΨPΠ⊥ ∆xk1 ≥ kΨPΠ⊥ ∆xk2 =
kPΠ⊥ ∆xk2 , and (ii) follows from eq. (21) and eq. (22). Notice
that the feasible perturbation condition ΦΩ ∆x = 0 implies
1/2
that kRΩ ∆xk2 = 0, which further leads to
≥ kΨx0 k1 −

1/2

1/2

kΨ(x0 + ∆x)k1

√ 10
3
2s
kP ⊥ ∆xk2 + kPΠ⊥ ∆xk2 ,
≥ kΨx0 k1 −
2s10 √ Π
4
2
3
(28)
)kPΠ⊥ ∆xk2 .
≥ kΨx0 k1 + ( −
4
2

Now we argue by contradiction to prove that kPΠ⊥ ∆xk2 > 0.
Assume this fails to hold, i.e. PΠ ∆x = ∆x. Then feasibility
condition ΦΩ ∆x = 0 implies that RΩ PΠ ∆x = 0. Putting all
these together we obtain k(PΠ RΩ PΠ − PΠ )∆xk2 = k∆xk2 ,
which contradicts the fact that kPΠ RΩ PΠ − PΠ k ≤ 1/2.
Hence, we have shown that any feasible perturbation of the
signal strictly increases the objective function.
All left is to provide a high probability guarantee for the set
of conditions based on our sampling scheme. We first present
the bound in eq. (23), and the proof is in Section E.
Lemma 3. With the sampling scheme in Theorem 1, one has
(29)

with probability at least 1 − n−C0 .

− kΨPΠ⊥ ∆xk1 kΨS c PΠ⊥ νk∞ + kΨPΠ⊥ ∆xk1

kRΩ PΠ ∆xk2 = kRΩ PΠ⊥ ∆xk2 .

With the above inequality, eq. (24) further becomes

kPΠ RΩ PΠ − PΠ k ≤ 1/2

+ hΨPΠ⊥ ∆x, −ΨS c PΠ⊥ νi + kΨPΠ⊥ ∆xk1
≥ kΨx0 k1 − kPΠ ∆xk2 kPΠ (γS − ν)k2
(i)

(27)

(25)

Now we construct the vector ν that satisfies eq. (20),
eq. (21) and eq. (22) via the clever ‘golfing scheme’. First we
decompose the Bernoulli sampling model Bernoulli(pj ) into
0
k0 independent Bernoulli schemes , i.e. {Bernoulli(qjk )}kk=1
.
k0
Then to be equivalent we must have (1 − pj ) = Πk=1 (1 − qjk ).
We also define the corresponding weighted sampling operator
0
{RΩk }kk=1
of each decomposed Bernoulli sampling scheme.
More specifically, we set k0 = 11 log s + 2, and for all j we
set qj1 = qj2 = pj /6; qjk ≡ qj , k ≥ 3. Then a non-overlapping
argument shows that qj ≥ pj /(k0 − 2) ≥ C0 π(Π, φj ) log n.
Now we start with ν0 = 0, and construct ν := νk0 via the
following iterative scheme
νk+1 = νk + RΩk+1 (PΠ νk − γS ), k = 0, 1, ..., k0 − 1.
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By introducing the variables w0 = −γS , wk = PΠ νk − γS ,
the above iterative scheme can be expressed as
νk0 =

k0
X

RΩk wk−1 ,

Finally, we verify eq. (21) via
kΨS c PΠ⊥ νk0 k∞ = kΨS c

(30)

k=1

wk = (PΠ RΩk PΠ − PΠ )wk−1 , k = 1, ..., k0 ,

(wk ∈ Π) = kΨS c

(31)

which brings more convenience for subsequent analysis. Before proving the conditions on the constructed νk0 , we first
collect the following concentration bound for convenience.
The proof is in Section F.

(triangle inequality) ≤
(ΨS c PΠ = 0) =

Lemma 4. For any vector w, one has
1
k(PΠ RΩk PΠ − PΠ )wk2 ≤ kwk2 , k = 1, 2..., k0
2

(Lemma 5) ≤

(32)

with probability at least 1 − n−C0 .

(Lemma 6) ≤

Also, note that the infinity norm induced by basis Φ is
maxj |[Φw]j | = maxj |hw, φj i|. By scaling this norm with
the scalar kPΠ φj k2 , we then define the following weighted
norm k · kΦ,∞
kwkΦ,∞ := max
j

|hw, φj i|
.
kPΠ φj k2

Equipped with this weighted norm, the following bounds
holds. The proof are in Section G, Section H, and Section I,
respectively.
Lemma 5. For any vector w, one has
1
kΨS c (RΩk − I)wk∞ ≤ √ kwkΦ,∞ ,
C0
with probability at least 1 − n−

√
C0

k=1
k0
X

k=1

PΠ⊥ (RΩk − I)wk−1 k∞

kΨS c PΠ⊥ (RΩk − I)wk−1 k∞
kΨS c (RΩk − I)wk−1 k∞
1
√ kwk−1 kΦ,∞
C0
1
1
1
√
kw0 kΦ,∞
C0 log s 2k−1

Let’s prove the first inequality. For the two terms involved
in π coherence, we have
k = 1, 2...k0

√
− C0 /4

, one has
(33)

Now equipped with all technical lemmas above, we show
that the constructed νk0 satisfies the set of conditions. First, by
the decomposition of the Bernoulli sampling model, eq. (30)
directly implies eq. (21). Next we verify eq. (22) via
kPΠ (γS − νk0 )k2 = kwk0 k2

k=1
k0
X

k=1

PΠ⊥ RΩk wk−1 k∞

A PPENDIX B
P ROOF OF T HEOREM 2

kPΠ φj k22 = hΨPΠ φj , ΨPΠ φj i
(dual norm) ≤ kΨPΠ φj k1 kΨPΠ φj k∞

.

Lemma 7. With probability at least 1 − s
√
C0 log s
.
kγS kΦ,∞ ≤
4

k=1
k0
X

k=1
k0
X

kγS kΦ,∞
(w0 = −γS ) ≤ √
C0 log s
1
(Lemma 7) ≤ .
4
To this end we have shown that the constructed νk0 satisfies
all conditions, and the succeed
probability over all the proof
√
is dominated by 1 − s− C0 /4 .

Lemma 6. For any vector w ∈ Π, one has

√
kwkΦ,∞ / log s, k ∈ {1, 2} and
k(PΠ RΩk PΠ − PΠ )wkΦ,∞ ≤
kwkΦ,∞ /2, k = 3, 4..., k0
with probability at least 1 − n−C0 .

k0
X

k0
X

(eq. (31)) = k(PΠ RΩk0 PΠ − PΠ )wk0 −1 k2
1
1
(Lemma 4) ≤ kwk0 −1 k2 ≤ ... ≤ 11 log s+2 kγS k2
2√
2
1
s
≤ 11 ≤ 10 .
4s
2s

≤ kΨPΠ φj k1 kΨφj k∞
q
= kΨPΠ φj k1 µ(Ψ, φj ),

kPΠ φj k2 kΨPΠ⊥ φj k∞ ≤ kΨPΠ φj k2 kΨφj k∞

(l2 ≤ l1 ) ≤ kΨPΠ φj k1 kΨφj k∞
q
= kΨPΠ φj k1 µ(Ψ, φj ).

Hence, the first inequality holds. For the second inequality, we
begin with
q
kΨPΠ φj k1 µ(Ψ, φj ) = kΨPΠ φj k1 kΨφj k∞
(dim(Π) = s) ≤ skΨPΠ φj k∞ kΨφj k∞
≤ skΨφj k2∞
= sµ(Ψ, φj ).

Now the third inequality holds trivially.
The sampling
scheme in [10] has sample complexity of the
P
µ(Ψ,
φj )s log3 s log n), while ours is of the order
order
O(
j
P
O( j π(Π, φj ) log s log n). Thus, by the second inequality
our sample complexity is lower. The sample complexity in
[11] is of the order O(max{Θ, Γ} log s log n), where Θ, Γ are
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two complicated notions of coherence that both depend on the
sampling probability. There’s no general closed form for the
optimal sampling scheme that minimizes the two coherences.
However, we can consider the lower bound O(Θ log s log n),
which can be minimized by the sampling scheme
p
kΨPΠ φj k1 µ(Ψ, φj )
p
(34)
pj ∝ P
j kΨPΠ φj k1 µ(Ψ, φj )

p
P
with complexity O( j kΨPΠ φj k1 µ(Ψ, φj ) log s log n).
Hence by our first inequality, our sample complexity is lower.
A PPENDIX C
P ROOF OF L EMMA 1
Adopt the definition of local coherence, we define
q
kΨPΠl φj k∞ = µ(Πl , φj )
q
kΨPΠ⊥ φj k∞ = µ(Π⊥ , φj ).

(35)
(36)

Since dim(Πl ) = sl , we obtain by the relationship between
l2 and l∞ that
kPΠl φj k22 ≤ sl kΨPΠl φj k2∞

eq. (35)

=

sl µ(Πl , φj ).

(37)

Thus, we obtain the upper bound
kPΠ φj k2 kΨPΠ⊥ φj k∞
v
u p
q
uX
(eq. (3), eq. (36)) = t
kPΠl φj k22 µ(Π⊥ , φj )

(38)

kPΠ φj k2 kΨPΠ⊥ φj k∞

v
n uX
X
u p
t
sl µ(Πl , φj )µ(Π⊥ , φj )
(eq. (40)) ≤
j=1

l=0

v
n uX
X
u p
t
≤
sl µ(Πl , φj )µ(Ψ, φj )
j=1

l=0

k(j)=0

√
p
2 2 X√
≤ √
sl
2 − 1 l=0
√
2 2
≤ √
s.
2−1
Pn
2
Since we have shown that
j=1 kPΠ φj k2 = s, the overall sample complexity of eq. (6) is upper bounded by
O(s log s log n).

A PPENDIX D
P ROOF OF T HEOREM 3
Let us introduce the Bernoulli random variables
δj Bernoulli(pj ), j = 1, · · · , n, and the number
Pn of sampled
measurements can be represented by |Ω| =
j=1 δj . Then
the converse scheme in eq. (14) implies that
n
n
X
X
(41)
kPΠ φj k22 ≤ s.
pj ≤
E|Ω| =
j=1

j=1

Hence, a simple Hoeffding’s bound gives that |Ω| < s−2 with
high probability.
Now let us identify a set of candidates x̂ that achieves the
same objective value as x0 . Recall that θ := Ψx0 with support
set S, and our constructed x̂ is as follows
x̂ := x0 − ΨT (λ · sgn(θ)),

where |λ| 4 |θ|.

(42)

(40)

kΨx̂k1 = kθ − λ · sgn(θ)k1
X
=
|θi − λi sgn(θi )|

Next we decompose Π w.r.t. different dyadic levels. Specifically, we denote Πl : Π ∩ span{ψj | j ∈ Ll }, i.e. the part
of Π in the subspace spanned
Lp by the wavelet basis in level l,
and it follows that Π = l=0 Πl . Now we have
j=1

j=1 l=0

p
p
X
√ X −|k(j)−l|/2
2
sl
(|Lk(j) | ≤ 2k(j) ) ≤

In the above expression, λ is a vector, ‘·’ denotes the elementwise product, and ‘4’ means ≤ holds element-wise. Consequently, the objective value of problem (P) for x̂ becomes

l=1

n
X

p
n X
X
√ −k(j) −|k(j)−l|/2
sl 2
2

(39)

l=1

v
u p
uX
sl µ(Πl , φj )µ(Π⊥ , φj ).
(eq. (37)) ≤ t

≤

i∈S

(i)

=

X
i∈S

|θi | − λi

= kΨx0 k1 − hλ, 1S i,
where (i) follows from |λ| 4 |θ|, and 1S denotes a vector
that has 1s on the support set S. Thus, to achieve the same
objective value we only need to require
hλ, 1S i = 0.

(43)

Moreover, the linear constraint of problem (P) requires ΦΩ x̂ =
ΦΩ x0 . Then with the form of x̂, this constraint becomes
ΦΩ ΨT (λ · sgn(θ)) = 0.

(44)

l=0
Notice from eqs. (43) and (44) that we only need to identify
v
u
the entries of λ that are supported on S, and the total number
p
n
X uX
t
sl max µ(ψi , φj ) max µ(ψi , φj ) of linear constrains are 1 + |Ω| < s − 1. Thus, we can identify
≤
i
i∈Ll
infinite many λs that satisfy eqs. (43) and (44). Finally, to
j=1
l=0
v
ensure that |λ| 4 |θ| we simply apply the normalization
u
p
n uX
X
t
−k(j)
−|k(j)−l|
−k(j)
mini |θi |
(eq. (11)) ≤
sl 2
2
2
∀i ∈ S, λi ← λi
.
(45)
j=1
l=0
kλk∞
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A PPENDIX E
P ROOF OF L EMMA 3
The operator can be equivalently expressed as:

n 
X
δj
(PΠ RΩ PΠ − PΠ )(·) =
− 1 hφj , PΠ (·)iPΠ φj
pj
j=1
def

=

n
X
j=1

Xj (·).

Then for each operator Xj (·), its operator norm can be
bounded as

where (i) is by the specification of qjk of the golfing scheme.
Moreover, for the variance part we have
!2
n
n
k
X
X
δ
j
− 1 |hφj , PΠ wi|2 kPΠ φj k22
E
EkXjk k22 =
qjk
j=1
j=1
n
X
kPΠ φj k2
2

≤

qjk

j=1

≤ max
j

(i)

≤

|hφj , PΠ wi|2

kPΠ φj k22
qjk

!

kPΠ wk22

kwk22
, k = 1, 2...k0
C0 log n

kXj (z)k2
1
kPΠ φj k22 kzk2 eq. (6)
≤
≤ max
.
z
z
kzk2
pj kzk2
C0 log nwhere (i) also follows from the specification of qjk of the
Pn
golfing scheme. The result follows from the vector Bernstein’s
Moreover, the operator norm of its variance k j=1 EXj2 (·)k
inequality in Theorem 5.
can be bounded as
P
n
A PPENDIX G
X
k nj=1 EXj2 (z)k2
2
P ROOF OF L EMMA 5
EXj (·) = max
z
kzk2
j=1
Since ΨS c is restricted on the rows ψiT , i ∈ S c , ΨS c (RΩk −


n
I)w is thus supported on S c . The i-th entry in S c of vector
2
X
δj
E
− 1 hφj , PΠ zihφj , PΠ φj iPΠ φj /kzk2ΨS c (RΩk − I)w can be alternatively expressed as
= max
z
p
j
!
j=1
n
2
X
δjk
− 1 hφj , wihφj , ψi i
[ΨS c (RΩk − I)w]i =
n
X
(1 − pj )kPΠ φj k22
qjk
j=1
hφj , PΠ ziPΠ φj /kzk2
= max
z
pj
n
X
j=1
def
2
Xjk , i ∈ S c .
=


n
X
j=1
(1 − pj )kPΠ φj k22
≤ max max
hφj , PΠ ziφj /kzk2
z
j
pj
By the specifications of the golfing scheme, we have for all k
j=1
2


that qjk ≥ C0 kPΠ φj k2 kΨPΠ⊥ φj k∞ log n. We then obtain
kPΠ φj k22 kPΠ zk2
!
≤ max max
δjk
z
j
pj
kzk2
k
|Xj | =
− 1 hφj , wihφj , ψi i
(i)
qjk
1
≤
,
C0 log n
hφj , wihφj , ψi i
≤
C
kP
φ
0
Π j k2 kΨPΠ⊥ φj k∞ log n
where (i) follows from eq. (6). Then apply the matrix Bern(i)
stein’s inequality in Theorem 6 gives the result.
kwkΦ,∞
,
≤
C0 log n
A PPENDIX F
where (i) follows from the fact that |hφj , ψi i| ≤
P ROOF OF L EMMA 4
kΨPΠ⊥ φj k∞ for all i ∈ S c . Moreover, we also have
k
2
For all k = 1, · · · , k0 , we expand (PΠ RΩk PΠ − PΠ )w as qj ≥ C0 kPΠ φj k2 log n. Then we obtain
!2
!
n
n
k
n
X
X
δ
X
δjk
j
2
E
E|Xjk |2 =
− 1 |hφj , wihφj , ψi i|
− 1 hφj , PΠ wiPΠ φj
(PΠ RΩk PΠ − PΠ )w =
k
k
q
qj
j
j=1
j=1
j=1

kXj (·)k = max

def

=

n
X
j=1

Xjk .

≤

Then for all j we have
kXjk k2 =

δjk
qjk

!

− 1 hPΠ φj , wiPΠ φj

kPΠ φj k22
kwk2
≤
qjk
(i)

≤

kwk2
, k = 1, 2...k0
C0 log n

n
2
X
|hφj , wihφj , ψi i|
j=1

≤ max
j

2

≤ max
j

qjk

n
|hφj , wi|2 X
|hφj , ψi i|2
qjk
j=1

|hφj , wi|2
C0 kPΠ φj k22 log n

kwk2Φ,∞
.
C0 log n
The result follows from scalar Bernstein’s inequality in Theorem 4 and a union bound.
≤
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Now for for each j we bound the term |

A PPENDIX H
P ROOF OF L EMMA 6

P

i∈S

Xi |. We have

|Xi | = |sgn(θ)i hφj , ψi i| ≤ kPΠ φj k2
√
C0 kPΠ φj k2 log s/4
√
=
,
C0 log s/4

By the definition of the weighted norm, we have

|h(PΠ RΩk PΠ − PΠ )w, φj i|
k(PΠ RΩk PΠ − PΠ )wkΦ,∞ = max
j
kPΠ φj k2

where we have used the fact that ψi ∈ Π for i ∈ S. Moreover,
Pn  δik
we have for C0 > 1
i=1 qik − 1 hφi , PΠ wihPΠ φi , φj i
= max
.
X
X
j
kPΠ φj k2
E|X |2 ≤
|hφ , ψ i|2 = kP φ k2
i

Now consider the j-th term, i.e.,

 k
δi
n
−
1
hφi , PΠ wihPΠ φi , φj i
X
k
q
i

kPΠ φj k2

i=1

j

i∈S

def

= |

n
X
i=1

Xik |

i

Π

j 2

i∈S

≤

C0 kPΠ φj k22 log2 s/16
√
.
C0 log s/4

Then scalar Bernstein’s inequality in Theorem 4 and a union
bound gives the result.

we have that
|Xik |

=



δik
qik


− 1 hφi , PΠ wihPΠ φi , φj i
kPΠ φj k2

(i)

hφi , wikPΠ φi k2
≤
qik

−1
[C0 log n log s] kwkΦ,∞ , k ∈ {1, 2}
≤
−1
[C0 log n] kwkΦ,∞ , k = 3, 4...k0

where (i) follows from Cauchy-Swartz and the fact that w ∈
Π. Moreover, we have
n
X
E|Xik |2
i=1

=

n
X

E

i=1



δik
−1
qik

2

|hφi , PΠ wi|2 |hPΠ φi , φj i|2
kPΠ φj k22

n
X
|hφi , PΠ wi|2 |hφi , PΠ φj i|2
1
≤
2
kPΠ φj k2 i=1
qik
(i)

≤ max
i

n
X
|hφi , wi|2
1
|hφi , PΠ φj i|2
kPΠ φj k22 i=1
qik

|hφi , wi|2
= max
i
qik
(
−1
(ii)
[C0 log n log s] kwk2Φ,∞ , k ∈ {1, 2}
≤
−1
[C0 log n] kwk2Φ,∞ , k = 3, 4...k0

where (i) follows from the fact that w ∈ Π, and (ii) utilizes the
specifications of qik of the golfing scheme. The result follows
from the scalar Bernstein’s inequality in Theorem 4 and a
union bound.
A PPENDIX I
P ROOF OF L EMMA 7
P
Recall that γS = i∈S sgn(θ)i ψi , and by definition
|hφj , γS i|
kPΠ φj k2
P
| i∈S sgn(θ)i hφj , ψi i|
= max
j
kPΠ φj k2
P
| i∈S Xi |
def
.
= max
j
kPΠ φj k2

kγS kΦ,∞ = max
j

A PPENDIX J
B ERNSTEIN ’ S I NEQUALITIES
Theorem 4 (Scalar Bernstein’s inequality). Let x1 , · · · , xm ∈
R be independent, zero mean randomP
variables. If for all i =
m
1, · · · , m, it holds that |xi | ≤ B and i=1 E|xi |2 ≤ σ 2 , then
!


m
X
t2 /2
P
xi > t ≤ 2exp − 2
.
(46)
σ + Bt/3
i=1

Theorem 5 (Vector Bernstein’s inequality). Let x1 , · · · , xm ∈
Rn be independent, zero mean random vectors.
Pm If for all i =
1, · · · , m, it holds that kxi k2 ≤ B and i=1 Ekxi k22 ≤ σ 2 ,
then for all 0 < t < σ 2 /B
!


m
X
1
t2
P
xi > t ≤ exp − 2 +
.
(47)
8σ
4
i=1
2

Theorem
6
(Matrix Bernstein’s inequality). Let
X1 , · · · , Xm ∈ Rn×n be independent, zero mean random
matrices.
for all i = 1, ·P
· · , m, it holds that kXi k ≤ B and
PIf
m
m
max{k i=1 EXTi Xi k, k i=1 EXi XTi k} ≤ σ 2 , then for all
c>0
m
X
i=1

Xi ≤ 2

p
cσ 2 log2n + cBlog2n

with probability at least 1 − 2n−(c−1) .

(48)

