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Abstract— A recent inner bound on the capacity region of the
two-receiver discrete memoryless broadcast channel is shown to
be equivalent to the Marton-Gelfand-Pinsker region. The proof
method is based on a result of Gelfand and Pinsker concerning
channel input distributions.

I. I NTRODUCTION

The broadcast channel is introduced in [1], in which
one transmitter sends common and individual information
to multiple receivers. The performance measure of interest
is the capacity region that characterizes the simultaneously
and reliably achievable communication rates. Although the
capacity region is obtained for many special cases, e.g., [2]–
[11], it is still unknown for the general discrete memoryless
model even for the simplest two-receiver case. Inner bounds
on the capacity region have been obtained in, e.g., [1], [12]–
[14], and outer bounds have been obtained in, e.g., [7], [13],
[15]–[17].

In this paper, we focus on capacity inner bounds for two
receivers. Marton’s region [13, Th. 2] is the largest inner
bound without a common message. Marton’s region was
extended to include a common message and appears in [18,
P. 391, Prob. 10(c)] and [7, Th. 1]. We call this region the
Marton-Gelfand-Pinsker (MGP) region. Another inner bound
was derived recently in [14] that includes (but may not be
strictly larger than) the MGP region. In this paper, we first
review the two inner bounds and then show that the two
bounds are equivalent. The technique we exploit is based on
a property developed in [7, Prop. 1].

II. CHANNEL MODEL

The two-receiver discrete memoryless broadcast channel
depicted in Fig. 1 includes a transmitter and two receivers
(receivers 1 and 2). The transmitter has a common message
W0 for both receivers, and private messagesW1 and W2

for receivers 1 and 2, respectively. The messagesW0, W1

and W2 are independent of each other and are uniformly
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Fig. 1. The two-receiver broadcast channel

distributed over the message setsW0, W1, andW2, respec-
tively. LetX be the channel input alphabet,Y1 andY2 be the
channel output alphabets of receivers 1 and 2, respectively,
andXn be then-fold Cartesian product ofX . An encoder
at the transmitter, i.e.,f : W0 × W1 × W2 → Xn, maps
each message triple(w0, w1, w2) ∈ W0 × W1 × W2 to a
codewordxn ∈ Xn. The symbolsxn are transmitted over a
broadcast channel with the transition probabilityPY1Y2|X(·)
so there are two output sequencesyn

1 and yn
2 at receivers

1 and 2, respectively. A decoder at receiver 1, i.e.,g1:
Yn

1 → W0 × W1, maps the received sequenceyn
1 ∈ Yn

1

to a message pair(ŵ(1)
0 , ŵ1) ∈ W0 × W1, and a decoder

at receiver 2, i.e.,g2: Yn
2 → W0 × W2, maps the received

sequenceyn
2 ∈ Yn

2 to a message pair(ŵ(2)
0 , ŵ2) ∈ W0×W2.

The average block probability of error for a lengthn code
is defined as

P (n)
e = Pr

{

(Ŵ
(1)
0 , Ŵ

(2)
0 , Ŵ1, Ŵ2) 6= (W0,W0,W1,W2)

}

.

The rate triple(R0, R1, R2) is achievable if there ex-
ists a sequence of message sets(W0n,W1n,W2n) with
|Wkn| = 2nRk for k = 0, 1, 2, and encoder-decoder triples
(fn, g1n, g2n) such that the average error probabilityP

(n)
e →

0 asn goes to infinity. The capacity region is the closure of
the set of achievable rate triples.

III. PRELIMINARY AND MAIN RESULTS

The first inner bound we consider is the MGP region in
[18, P. 391, Prob. 10(c)] and [7, Th. 1], which is an extension
of Marton’s region in [13, Th. 2] to includeR0 > 0. The
MGP region is given by

RMGP =
⋃

PT U1U2X

RMGP (PTU1U2X) (1)
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where

RMGP (PTU1U2X)

=


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(R0, R1, R2) : R0 ≥ 0, R1 ≥ 0, R2 ≥ 0,

R0 ≤ min{I(T ;Y1), I(T ;Y2)}
R0 + R1 ≤ I(T,U1;Y1),
R0 + R2 ≤ I(T,U2;Y2),
R0 + R1 + R2 ≤ I(T,U1;Y1) + I(U2;Y2|T )

−I(U1;U2|T ),
R0 + R1 + R2 ≤ I(U1;Y1|T ) + I(T,U2;Y2)

−I(U1;U2|T )


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
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




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(2)

Another inner bound was derived in [14, Sec. III-A] and
is given by

RLK =
⋃

PT U1U2X

RLK(PTU1U2X) (3)

where

RLK(PTU1U2X)
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


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









(R0, R1, R2) : R0 ≥ 0, R1 ≥ 0, R2 ≥ 0,

R0 + R1 ≤ I(T,U1;Y1),
R0 + R2 ≤ I(T,U2;Y2),
R0 + R1 + R2 ≤ I(T,U1;Y1) + I(U2;Y2|T )

−I(U1;U2|T ),
R0 + R1 + R2 ≤ I(U1;Y1|T ) + I(T,U2;Y2)

−I(U1;U2|T ),
2R0 + R1 + R2 ≤ I(T,U1;Y1) + I(T,U2;Y2)

−I(U1;U2|T )
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(4)

Comparing the regionsRMGP and RLK , it is clear
that for a given distributionPTU1U2X , the bounds defin-
ing RLK(PTU1U2X) differ from the bounds defining
RMGP (PTU1U2X) in that the bound

2R0 +R1 +R2 ≤ I(T,U1;Y1)+I(T,U2;Y2)−I(U1;U2|T )

that appears inRLK(PTU1U2X) replaces the bound

R0 ≤ min{I(T ;Y1), I(T ;Y2)}

that appears inRMGP (PTU1U2X). As commented in [14,
Remark 6], the regionRLK includesRMGP . In particular,
we note the following remark.

Remark 1: The regionRLK(PTU1U2X) is strictly larger
thanRMGP (PTU1U2X) for some distributionsPTU1U2X . For
example, if T is a constant, thenR0 = 0 for all points
in RMGP (PTU1U2X) while RLK(PTU1U2X) may include
points withR0 > 0.

Although RMGP ⊆ RLK , it is not easy to see
whetherRMGP is a strict subset ofRLK or not, because
the rate points that are inRLK(PTU1U2X) but not in
RMGP (PTU1U2X) may be inRMGP (PT ′U ′

1
U ′

2
X′) for some

PT ′U ′

1
U ′

2
X′ 6= PTU1U2X . The main result of this paper

is stated in the following theorem, which establishes the
equivalence of the two regions.

Theorem 1: RMGP = RLK .
Remark 2: Theorem 1 is also true if the channel has cost

constraints, either an average cost constraint over a blockof

inputs and outputs, or a cost constraint over each channel
use. This is because every step in the proof of Theorem 1
in the following section holds for such cost constraints. A
detailed discussion about cost constraints can be found in
[19, Chapter 3].

IV. PROOF OFTHEOREM 1

As we have argued in the previous section,RMGP ⊆
RLK . Hence we need to show thatRLK ⊆ RMGP to
establish Theorem 1. We first state three lemmas that will
be useful later on.

Lemma 1: The regionRMGP is the capacity region for
the broadcast channel with degraded message sets, i.e., the
cases whenR1=0 or R2=0.

Proof: Let R2 = 0 and setU1 = X and U2 = T in
RMGP . The regionRMGP reduces to the following region

Cd1 =
⋃

PT X















(R0, R1) : R0 ≥ 0, R1 ≥ 0
R0 ≤ min{I(T ;Y1), I(T ;Y2)}
R0 + R1 ≤ I(X;Y1),
R0 + R1 ≤ I(X;Y1|T ) + I(T ;Y2)















. (5)

To show that the regionCd1 is the capacity region, we apply
the outer bound given in [16, Lemma 2], for which we set
R2 = 0, and apply the bound onR0, the first bound on
R0 +R1, and the second bound onR0 +R1 +R2 to obtain:

R0 ≤ min
{

I(T ;Y1), I(T ;Y2)
}

≤ min
{

I(T,U ;Y1), I(T,U ;Y2)
}

R0 + R1 ≤ I(X;Y1)

R0 + R1 + R2 ≤ I(X;Y1|T,U) + I(T,U ;Y2).

(6)

The above bounds coincide with the bounds inCd1 with
(T,U) being replaced byT ′, which completes the proof.

We note that the capacity region for the broadcast channel
with degraded message sets was established in [9] and [18,
P. 360, Th. 4.1], and is given by

Cd =
⋃

PT X















(R0, R1) : R0 ≥ 0, R1 ≥ 0
R0 ≤ I(T ;Y2)
R0 + R1 ≤ I(X;Y1),
R0 + R1 ≤ I(X;Y1|T ) + I(T ;Y2)















. (7)

Thus,Cd1 must be equivalent toCd. We further useCd2 to
denote the capacity region of the broadcast channel when
R1 = 0.

We next state a lemma that will help to prove an important
property ofRLK (see Lemma 3 below).

Lemma 2: For a joint distribution PTU1Y1Y2
, if

I(T ;Y1) < I(T ;Y2) and I(T,U1;Y1) > I(T,U1;Y2),
then there exists a functionf(U1, Z) with Z being a
random variable independent ofT,U1,X, Y1 and Y2, such
that I(T, f(U1, Z);Y1) = I(T, f(U1, Z);Y2).

Proof: See Appendix I.
Remark 3: A statement similar to Lemma 2 has been

made in [7], which claims the existence of a deterministic
function f(U1) in contrast to a stochastic functionf(U1, Z)
in Lemma 2. However, such a deterministic functionf(U1)
does not always exist. A simple counter example is whenU1
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is a binary random variable. Then a deterministic function
f(U1) either has the same distribution asU1 or has a
constant value. ThenI(T, f(U1);Y1) = I(T, f(U1);Y2)
cannot always be satisfied.

Lemma 3: Let P1, P2 and P3 denote the sets of the
following distributions:

P0 = {PTU1U2X : I(T ;Y1) = I(T ;Y2)}

P1 = {PTU1U2X : I(T ;Y1) ≤ I(T ;Y2), U1 = φ}

P2 = {PTU1U2X : I(T ;Y1) ≥ I(T ;Y2), U2 = φ}.

(8)

The regionRLK given in (3) can be obtained by taking the
union over onlyP0, P1 andP2, i.e.,

RLK =
⋃

P0∪P1∪P2

RLK(PTU1U2X). (9)

Proof: See Appendix II, which follows the proof in [7,
Appendix] where it is shown that the regionRMGP has the
same type of property.

We next considerRLK(PTU1U2X), wherePTU1U2X is in
eitherP0, P1, or P2.

(1) If PTU1U2X ∈ P1, then the reader can readily check
that

RLK(PTU1U2X) = RMGP (PTU1U2X)

=







(R0, R1, R2) : R0 ≥ 0, R1 ≥ 0, R2 ≥ 0,

R0 + R1 ≤ I(T ;Y1)
R0 + R1 + R2 ≤ I(T ;Y1) + I(U2;Y2|T )







.
(10)

(2) If PTU1U2X ∈ P2, we also haveRLK(PTU1U2X) =
RMGP (PTU1U2X).

(3) If PTU1U2X ∈ P0, i.e., I(T ;Y1) = I(T ;Y2), we have
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R0 + R1 ≤ I(T,U1;Y1)
R0 + R2 ≤ I(T,U2;Y2)
R0 + R1 + R2 ≤ I(T,U1;Y1) + I(U2;Y2|T )

−I(U1;U2|T )
2R0 + R1 + R2 ≤ I(T,U1;Y1) + I(T,U2;Y2)

−I(U1;U2|T )
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(11)

It is clear that the points that satisfyR0 ≤ I(T ;Y1) are
in RMGP . We need to consider only the extreme points that
satisfyR0 > I(T ;Y1). Under this condition, the last bound
on 2R0 + R1 + R2 in (11) can be written as

R0 + R1 + R2

≤ I(T,U1;Y1) + I(T,U2;Y2) − I(U1;U2|T ) − R0.

(12)

The right-hand side of the above equation is smaller than the
bound onR0 + R1 + R2 in (11), becauseR0 > I(T ;Y1).
Hence the bound onR0+R1+R2 in (11) is redundant when
R0 > I(T ;Y1). The extreme points, which satisfyR0 >

I(T ;Y1) and are on the plane determined byR1 = 0 or
R2 = 0, are in Cd1 or Cd2, and are hence inRMGP . The
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Fig. 2. An illustration of the regionsRLK(PTU1U2X) and
RMGP (PTU1U2X) whenI(T ; Y1) = I(T ; Y2)

remaining extreme points are the intersections of the planes
defined by the following bounds

R0 + R1 =I(T,U1;Y1)

R0 + R2 =I(T,U2;Y2)

2R0 + R1 + R2 =I(T,U1;Y1) + I(T,U2;Y2)

− I(U1;U2|T ).

(13)

Now, if I(U1;U2|T ) = 0, the sum of the first and second
bounds is equal to the third one, and hence the three bounds
become two and the intersection of the corresponding two
planes is not an extreme point. IfI(U1;U2|T ) > 0, the above
three bounds do not have common points because the sum of
the first and second bounds is larger than the third one. Hence
we have shown that all extreme points ofRLK(PTU1U2X)
are inRMGP , which implies all points inRLK(PTU1U2X)
are inRMGP . This concludes the proof.

V. A GEOMETRIC ILLUSTRATION

We now illustrate the regionRLK(PTU1U2X) in Fig. 2
for the case whenI(T ;Y1) = I(T ;Y2) (see (11)). The four
bounds onR0+R1, R0+R2, R0+R1+R2, and2R0+R1+
R2 in (11) determine four planes in the three-dimensional
space. We useA,B,C,D to denote these respective planes.
We also useA,B,C,D to denote points where these planes
intersect theR0-axis, and useR0i to denote theR0 values for
i = A,B,C,D, respectively. Suppose thatR0B < R0D <

R0A < R0C , which is the case when the four planes have the
greatest number of intersections with each other. In addition
to these four planes, we also plot planeE in the figure, which
is determined byR0 = I(T ;Y1), and intersects theR0-axis
at pointE. We assume thatR0E = I(T ;Y1) < R0B .

We first observe that the regionRMGP (PTU1U2X) is
contained inside the planesEB2B4O (plane R1 = 0),

3



B2B4B5B3 (plane B),B3B5A4A2 (plane C),A2A4A5A3

(plane A),EOA5A3 (planeR2 = 0), OB4B5A4A5 (plane
R0 = 0), and EB2B3A2A3 (plane E). For the region
RLK(PTU1U2X), plane E is not a constraint, and plane D is
an additional constraint. We also note that plane D intersects
plane C at lineB3A2, and hence plane C does not play
a role (i.e., is not a part of the boundary for the region
RLK(PTU1U2X)) above plane E. This demonstrates that the
bound on the sum rateR0+R1+R2 becomes redundant when
R0 > I(T ;Y ). Above plane E, the regionRLK(PTU1U2X)
has more rate points than the regionRMGP (PTU1U2X), and
these rate points are contained in planesBB2E (planeR1 =
0), BB2B3B1 (plane B),B1B3A2A1 (plane D),A1A2A3

(plane A),BEA3A1B1 (planeR2 = 0), andEB2B3A2A3

(plane E). From the figure, it can be seen that all extreme
points in this region are either on plane E or on planeR1 = 0
or R2 = 0. It is clear that the extreme points on plane E are
contained inRMGP (PTU1U2X). The extreme points on plane
R1 = 0 or R2 = 0 are contained inCd1 or Cd2, and hence
must be inRMGP (these points are not necessarily achieved
by the distributionPTU1U2X ).

VI. CONCLUSIONS

We have showed that two seemingly different inner bounds
on the capacity region of the two-receiver discrete memory-
less broadcast channel are equivalent. Our proof is based on
an important property, motivated by one shown in [7] for the
MGP region, thatRLK can also be characterized by only
a subset of joint input distributions. This property greatly
facilitates the proof, which may be challenging otherwise.
We also anticipate that this property is useful for studying
rate regions for other multiuser channels.

APPENDIX I
PROOF OFLEMMA 2

We define a binary random variableZ that is independent
of T,U1,X, Y1 andY2, and satisfies

Pr(Z = 0) = α, and Pr(Z = 1) = 1 − α.

We define a functionc(U1, Z) that satisfies

c(U1, 0) = U1, and c(U1, 1) = 1.

We further define

f(U1, Z) = (c(U1, Z), Z).

It suffices to show that there exists a value0 ≤ α ≤ 1 such
that

I(T, f(U1, Z);Y1) = I(T, f(U1, Z);Y2). (14)

We first compute the left-hand side of (14) to be

I(T, f(U1, Z);Y1) = I(T, c(U1, Z), Z;Y1)

= I(T, c(U1, Z);Y1|Z)

= αI(T,U1;Y1) + (1 − α)I(T ;Y1)

:= g1(α) (15)

where the last step defines a functiong1(α). We next
compute the right-hand side of (14) to be

I(T, f(U1, Z);Y2) = I(T, c(U1, Z), Z;Y2)

= I(T, c(U1, Z);Y2|Z)

= αI(T,U1;Y2) + (1 − α)I(T ;Y2)

:= g2(α) (16)

where the last step defines a functiong2(α).
It is easy to see that the functiong1(α) − g2(α) is

continuous, andg1(α) − g2(α) > 0 when α = 1 and
g1(α) − g2(α) < 0 when α = 0. Hence there must exist
a value0 ≤ α ≤ 1 such thatg1(α) = g2(α), i.e., such that

I(T, f(U1, Z);Y1) = I(T, f(U1, Z);Y2).

APPENDIX II
PROOF OFLEMMA 3

For a given distributionPTU1U2X if I(T ;Y1) 6= I(T ;Y2),
then assumeI(T ;Y1) < I(T ;Y2) without loss of generality.
We wish to show that there exists a distributionPT ′U ′

1
U ′

2
X′

that is in P0 ∪ P1 ∪ P2 such thatRLK(PTU1U2X) ⊆
RLK(PT ′U ′

1
U ′

2
X′). We consider the following two cases.

Case 1:I(T,U1;Y1) ≤ I(T,U1;Y2). Let T ′ = (T,U1),
U ′

1 = φ, U ′
2 = U2, andX ′ = X. It is clear thatPT ′U ′

1
U ′

2
X′ ∈

P1, and we obtain

RLK(PT ′U ′

1
U ′

2
X′)

=
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

















(R0, R1, R2) : R0 ≥ 0, R1 ≥ 0, R2 ≥ 0,

R0 + R1 ≤ I(T,U1;Y1)
R0 + R2 ≤ I(T,U1, U2;Y2)
R0 + R1 + R2 ≤ I(T,U1;Y1) + I(U2;Y2|T,U1)
R0 + R1 + R2 ≤ I(T,U1, U2;Y2)
2R0 + R1 + R2 ≤ I(T,U1;Y1) + I(T,U1, U2;Y2)


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
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


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





(R0, R1, R2) : R0 ≥ 0, R1 ≥ 0, R2 ≥ 0,

R0 + R1 ≤ I(T,U1;Y1)
R0 + R1 + R2 ≤ I(T,U1;Y1) + I(U2;Y2|T,U1)







.

(17)

In order to showRLK(PTU1U2X) ⊆ RLK(PT ′U ′

1
U ′

2
X′), we

consider a given point(R0, R1, R2) ∈ RLK(PTU1U2X). It
is clear that(R0, R1, R2) satisfies the bound onR0 + R1 in
RLK(PT ′U ′

1
U ′

2
X′). We further compare theR0 + R1 + R2

bound in (17) with the firstR0 + R1 + R2 bound in (4) and
find that

I(T,U1;Y1) + I(U2;Y2|T,U1)

− I(T,U1;Y1) − I(U2;Y2|T ) + I(U1;U2|T )

= I(U2;Y2|T,U1) − I(U2;Y2|T ) + I(U1;U2|T )

= I(U2;Y2, U1|T ) − I(U2;Y2|T )

≥ 0.

(18)

Thus, the rate triple(R0, R1, R2) satisfies the bound onR0+
R1 + R2 in RLK(PT ′U ′

1
U ′

2
X′).

Case 2:I(T,U1;Y1) > I(T,U1;Y2). The conditions in
Lemma 2 are satisfied, and hence there exists a function
f(U1, Z) with Z being a random variable independent of
everything else, such that

I(T, f(U1, Z);Y1) = I(T, f(U1, Z);Y2).
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Let T ′ = (T, f(U1, Z)), U ′
1 = U1, U ′

2 = U2, andX ′ = X.
It is clear thatPT ′U ′

1
U ′

2
X′ ∈ P0, and we obtain (see (11))

RLK(PT ′U ′

1
U ′

2
X′)

=







































(R0, R1, R2) : R0 ≥ 0, R1 ≥ 0, R2 ≥ 0,

R0 + R1 ≤ I(T,U1;Y1)
R0 + R2 ≤ I(T, f(U1, Z), U2;Y2)
R0 + R1 + R2 ≤ I(T,U1;Y1)
+I(U2;Y2|T, f(U1, Z)) − I(U1;U2|T, f(U1, Z))
2R0 + R1 + R2 ≤ I(T,U1;Y1)
+I(T, f(U1, Z), U2;Y2) − I(U1;U2|T, f(U1, Z))







































(19)

where we have used the following equation

I(T, f(U1, Z), U1;Y1)

= I(T,U1;Y1) + I(f(U1, Z);Y1|T,U1)

= I(T,U1;Y1).

(20)

It is easy to see that a given point(R0, R1, R2) ∈
RLK(PTU1U2X) in (4) satisfies the first two bounds in the
above region. Furthermore, we show that the third bound on
R0 + R1 + R2 in (19) is looser than the third bound on
R0 + R1 + R2 in (4) by considering

I(T,U1;Y1) + I(U2;Y2|T, f(U1, Z))

− I(U1;U2|T, f(U1, Z))

− I(T,U1;Y1) − I(U2;Y2|T ) + I(U1;U2|T )

= I(U2;Y2|T, f(U1, Z)) − I(U1;U2|T, f(U1, Z))

− I(U2;Y2|T ) + I(U1;U2|T )

= I(U2, f(U1, Z);Y2|T ) − I(f(U1, Z);Y2|T )

− I(U1, f(U1, Z);U2|T ) + I(f(U1, Z);U2|T )

− I(U2;Y2|T ) + I(U1;U2|T )

(a)
= I(f(U1, Z);Y2|T,U2) − I(f(U1, Z);Y2|T )

+ I(f(U1, Z);U2|T )

= I(f(U1, Z);Y2, U2|T ) − I(f(U1, Z);Y2|T )

≥ 0
(21)

where(a) follows because

I(U1, f(U1, Z);U2|T )

= I(U1;U2|T ) + I(f(U1, Z);U2|T,U1)

= I(U1;U2|T ).

(22)

Thus, the triples(R0, R1, R2) that satisfy the third bound in
(4) satisfy the third bound in (19). Based on the inequality
(21), we can further show that the bound on2R0 +R1 +R2

in (19) is larger than the bound on2R0 +R1 +R2 in (4) by
considering

I(T,U1;Y1) + I(T, f(U1, Z), U2;Y2)

− I(U1;U2|T, f(U1, Z))

− I(T,U1;Y1) − I(T,U2;Y2) + I(U1;U2|T )

≥ I(T, f(U1, Z);Y2) − I(T ;Y2)

≥ 0.

(23)

Thus, the(R0, R1, R2) that satisfy the fifth bound in (4)
satisfy the fourth bound in (19). This concludes the proof.
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