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Abstract— A recent inner bound on the capacity region of the Tranemitter Receiver 1
two-receiver discrete memoryless broadcast channel is showa t Yo
be equivalent to the Marton-Gelfand-Pinsker region. The proof Channel » Decoder 1—» WAW,
method is based on a result of Gelfand and Pinsker concerning o™ N
channel input distributions. W, —» Encoder 5 ,n
|. INTRODUCTION W, —> weezT, Decoder 21—» WAW,
The broadcast channel is introduced in [1], in which
one transmitter sends common and individual information Receiver 2
to multiple receivers. The performance measure of interest
is the capacity region that characterizes the simultarigous Fig. 1. The two-receiver broadcast channel

and reliably achievable communication rates. Although the
capacity region is obtained for many special cases, e, [2

[11], it is still unknown for the general discrete memorges fistributed over the message séts, Wi, andW,, respec-
model even for the simplest two-receiver case. Inner bounqﬁ§e|y_ Let X be the channel input alphabgt, and)), be the
on the capacity region have been obtained in, e.g., [1]{12khannel output alphabets of receivers 1 and 2, respectively
[14], and outer bounds have been obtained in, €.g., [7], [13nd x» be then-fold Cartesian product oft’. An encoder
[15]-{17]. at the transmitter, i.e.f: Wy x Wi x W, — X™, maps
In this paper, we focus on capacity inner bounds for tWw@ach message triplewo, w1, wa) € Wy x Wi x W, to a
receivers. Marton’s region [13, Th. 2] is the largest innegodewordz™ € X™. The symbols:™ are transmitted over a
bound without a common message. Marton’s region Wasrgadcast channel with the transition probabiliy, y, | x (-)
extended to include a common message and appears in [48, there are two output sequenags and 7 at receivers
P. 391, Prob. 10(c)] and [7, Th. 1]. We call this region thel and 2, respectively. A decoder at receiver 1, ig:
Marton-Gelfand-Pinsker (MGP) region. Another inner bounq;{z — Wy x Wi, maps the received sequengg € )V
was derived recently in [14] that includes (but may not bgy 4 message pai(rwél),wl) € Wy x Wy, and a decoder

strictly larger than) the MGP region. In this paper, we firsh; receiver 2, i.e.go VI — Wy x W, maps the received

review the two inner bounds and then show that the twgequencgg € V7 to a message pa(lu?((f) i) € Wo x W,

bounds are equivalent. The technique we exploit is based ONr1a average block probability of error for a lengttcode
a property developed in [7, Prop. 1]. is defined as

Il. CHANNEL MODEL S (1) Gr2) G 1
T P = Pr{(WO WP W, W) £ (WO,WO,Wl,Wg)}.
The two-receiver discrete memoryless broadcast channef

depicted in Fig. 1 includes a transmitter and two receivers
(receivers 1 and 2). The transmitter has a common messag
Wy for both receivers, and private messadés and W,
for receivers 1 and 2, respectively. The messaggs W
and W, are independent of each other and are uniforml

The rate triple(Ro, Ry, R) is achievable if there ex-
& a sequence of message SE,, Win, Wa,) with
Win| = 2% for k = 0,1,2, and encoder-decoder triples
ns 1n, g2n) SUCh that the average error probabiI}QY‘) —
asn goes to infinity. The capacity region is the closure of

The material in this paper has been presented in part at the 46tn€ set of achievable rate triples.
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where

Ruyar(Pru,u,x)

(RO;RlvRQ) : RO 2 Ole Z 07R2 Z 07

RO < mln{I(T, Yl),I(T; Yg)}

Ry + Ry < I(T,Uy; Y1),

Ry + Ry < I(T,Us; Ys),

Ro+ Ri1+ Ry < I(T,Uy; Y1) + I(Ug; Y2 |T)
—I(Ul;U2|T),

Ro+ Ry + Ry < I(U; Yi|T) + I(T, Us; Ya)
—I(Ul;Ung)

)

inputs and outputs, or a cost constraint over each channel
use. This is because every step in the proof of Theorem 1
in the following section holds for such cost constraints. A
detailed discussion about cost constraints can be found in
[19, Chapter 3].

IV. PROOF OFTHEOREM 1

As we have argued in the previous secti®y,gp C
Rrk. Hence we need to show th&,.x C Rygp tO
establish Theorem 1. We first state three lemmas that will
be useful later on.

Lemma 1. The regionR ;¢ p is the capacity region for

Another inner bound was derived in [14, Sec. Ill-A] andthe broadcast channel with degraded message sets, i.e., the

is given by
Rrk = U Rik(Pru,v,x) 3)
Pru,us,x
where
Rik(Pru,u,x)

(R07R1,R2) : RO Z O7R1 2 O,RQ Z 07

Ro+ R < I(T,Ur; Y1),

Ro+ Ry < I(T, UQ;Y2)7

Ro+ Ry + Ry < I(T,Uy; Y1) + I(Up; Y2 |T)

= —I(Ul;U2|T),

Ro + Ri + Ry < I(UsYA|T) + I(T, Uz; Ya)
—I(Uy; Ua|T),

21—{0 +R1 +R2 S I(T7 Ul,Y1) +I(T7 U27Yé)
—I(Uy; Us|T)

(4)
Comparing the regionsR;cp and Rpg, it is clear
that for a given distributionPry, 7, x, the bounds defin-
ing Rpx(Pru,uv,x) differ from the bounds defining
RMGP(PTUlUZX) in that the bound

2R+ R1+ Ry < I(T, U1;Y1)+I(T, UQ;}/Q) —I(Ul; U2|T)
that appears iR .k (Pru,u,x) replaces the bound
Ry < min{I(T; Y1), I(T;Ys)}

that appears iR y;¢p(Pru,v,x). As commented in [14,
Remark 6], the regioR . i includesRy;gp. In particular,
we note the following remark.

Remark 1: The regionR x (Pru,u,x) is strictly larger
thanR ¢ p(Pru, v, x ) for some distribution$ry, v, x . For
example, if 7" is a constant, therRy, = 0 for all points
in RJWGP(PTUleX) while RLK(PTUlUQX) may include
points with Ry > 0.

Although Rygp € Rpk, it is not easy to see
whetherRy;gp is a strict subset ofR; x or not, because
the rate points that are ifRpx(Pru,u,x) but not in
RMGP(PTUlUQX) may be inRMGP(PT/U{UQ/X/) for some
Pryiuyxr # Pru,u,x. The main result of this paper

cases wher?;=0 or R,=0.
Proof: Let Ro = 0 and setU; = X andU; = T in
Rarap. The regionR ;o p reduces to the following region

(Ro,R1): Ry >0,R; >0
o RO S mln{[(T,Yl),](T,Yz)}
cdlfPU Rot Ry < I(X:11), . (5)
" Ro+ Ry < I(X;1|T) + I(T; Ys)

To show that the regiod,; is the capacity region, we apply
the outer bound given in [16, Lemma 2], for which we set
Ry = 0, and apply the bound oMy, the first bound on
Ry + Ry, and the second bound diy + R + R» to obtain:

Ry < min {I(T;Y1),I(T;Y>)}
< min {I(T,U; Y1), I(T,U;Y>)}
Ro+ Ry < I(X: Y1)
Ro+ R+ Ry < I(X;V1|T,U) + I(T,U;Ys).

The above bounds coincide with the boundsCin with
(T,U) being replaced by”, which completes the proof.
[ |
We note that the capacity region for the broadcast channel
with degraded message sets was established in [9] and [18,
P. 360, Th. 4.1], and is given by

(Ro,R1): Ry > 0,R, >0
_ Ry < I(T5Y3)
Cd_PU Ro+ R < I(X; Y1), - ()
T Ro+ Ry S I(XYA|T) + I(T; Yz)

Thus,C4; must be equivalent t@;. We further useCy, to
denote the capacity region of the broadcast channel when
Ry =0.

We next state a lemma that will help to prove an important
property of R i (see Lemma 3 below).

Lemma 2: For a joint distribution Pry,v,v,, Iif
I(T;Yy) < I(T;Ys) and I(T,Uy;Yy) > I(T,Us;Ys),
then there exists a functiorf(U;,Z) with Z being a
random variable independent @f U;, X,Y; and Y3, such
thatI(T, f(Ul, Z), Yl) = I(T, f(Ul, Z)7 YQ)

Proof: See Appendix I. |

(6)

is stated in the following theorem, which establishes the Remark 3: A statement similar to Lemma 2 has been

equivalence of the two regions.
Theorem 1. Rycp = Rrk.

made in [7], which claims the existence of a deterministic
function f(Uy) in contrast to a stochastic functigiiU;, 2)

Remark 2: Theorem 1 is also true if the channel has cosin Lemma 2. However, such a deterministic functif(i/; )
constraints, either an average cost constraint over a ldbck does not always exist. A simple counter example is wbien



is a binary random variable. Then a deterministic functiol
f(Uy) either has the same distribution &§ or has a
constant value. Ther (T, f(U,);Y1) = I(T, f(Uy);Ys)
cannot always be satisfied.

Lemma 3: Let P;, Py and P; denote the sets of the
following distributions:

Po ={Pruo,v,x : I(T;Y1) = I(T;Y2)}
Pi1 ={Pru,v,x : I(T;Y1) < I(T;Y2),U; = ¢} (8) RrTR=ITU,Y,)
P2 ={Pro,v,x : I(T;Y1) > I(T;Y2),Us = ¢}.

The regionR x given in (3) can be obtained by taking the
union over onlyPy, P, and P, i.e.,

R+R+R=1(T,UY)

RLK = U RLK(PTUlUQX)' (9) +I(U21Y2|T)' |(U1,U2|T)
PoUP1UP2

Proof: See Appendix I, which follows the proof in [7,

Appendix] where it is shown that the regidy;¢p has the

2R, +R +R, =I(T,U;Y,)
+1(TUY,) - TUU,|T)

R,
same type of property. ]
We next consideRR . x (Pru,v,x), Where Pry, v, x IS in - Fig. 2. An illustration of the regionsRp(Pru,u,x) and
either Py, P, or Ps. Ruyvap(Pru,u,x) whenI(T; Y1) = I(T;Ya2)
1) If Pry,u,x € P1, then the reader can readily check
that

Rix(Pro,v,x) = Rucr(Pro,v, x) remaining extreme points are the intersections of the glane
1 e defined by the following bounds
(RO;R17R2) :RO zoaRl ZOaR2 207 (10)
=< Ro+ R, <I(T;Y) . Ry + Ry =I(T,Uy; Y1)
Ro + Ry + Ry < I(T5 Y1) + I(Us; Ya|T) Ro + Ry =1(T, Us; Y>)

(2) If Pry,u,x € Ps, we also haveR .k (Pro,u,x) = 2R + R1 + Ry =I(T, U1; Y1) + I(T', Us; Y2)
Rucp(Pru,u,x)- — I(Uy; U|T).

() If Pro,v,x € Po, 1., I(T:Y1) = I(T;Y2), we have  Now it 1(1,; U,|T) = 0, the sum of the first and second
bounds is equal to the third one, and hence the three bounds

13)

R (Progv:x) become two and the intersection of the corresponding two
(Ro, R1, R2) : Ro 2 0, R 2 0, Rz 2 0 planes is not an extreme point.ZIfU;; Uz |T") > 0, the above
Ro+ Ry < I(T,U; Y1) three bounds do not have common points because the sum of
Ro + Ry < I(T, Uz Y2) the first and second bounds is larger than the third one. Hence

=9 Bo+ B+ Ry <I(T,Up; Y1) + I(Ux; Ya|T) we have shown that all extreme points Bf, x (Prv, v, x)

—1(Uy; U2|T) are inR ich impli ints i
) mcp, Which implies all points iR, x (Pry, v, x)
2Ro + Ry + Ry < I(T, Up; Y1) + (T, Us; Ya) are inRy;qp. This concludes the proof.

—I(U1; Us|T)

(12) V. A GEOMETRICILLUSTRATION

It is clear that the points that satisfj, < I(T;Y;) are We now illustrate the regiomR . x (Pru,v,x) in Fig. 2
in Rarap. We need to consider only the extreme points tha{f)r the case wher (T%,Y1) = I(T';Y>) (see (11)). The four
satisfy Ry > I(T;Y71). Under this condition, the last bound boupds OnRU+R1',R0+R2' R0+R1,+R2’ and2R0.+R1+_
on 2R, + Ry + R, in (11) can be written as Ry in (11) determine four planes in the three-d.lmensmnal
space. We usel, B, C, D to denote these respective planes.
Ry + Ry + Rs We also used, B, C, D to denote points where these planes
< I(T,Uy; Y1) + I(T, Us; Y3) — I(Uy; Us|T) — Ro. intersect theky-axis, anq usey; to denote theR, values for
(12) i = A, B,C, D, respectively. Suppose th#&lypz < Rop <
Roa < Roc, Which is the case when the four planes have the
The right-hand side of the above equation is smaller than tlggeatest number of intersections with each other. In auiditi
bound onRy + Ry + R» in (11), because?, > I(T;Y;). to these four planes, we also plot plafien the figure, which
Hence the bound oRy + R + R in (11) is redundant when is determined byR, = I(T;Y7), and intersects th&,-axis
Ry > I(T;Yy). The extreme points, which satisfig, > at point E. We assume thak,r = I(T;Y1) < Rop.
I(T;Yy) and are on the plane determined By = 0 or We first observe that the regio®y;cp(Pru,u,x) IS
Ry = 0, are inCyqy or Cy42, and are hence iRy;qp. The contained inside the planeEB;B,O (plane Ry = 0),



By B4B5Bs (plane B),BgB5A4A2 (plane C),A2A4A5A3
(plane A), FOA5A3 (plane Ry = 0), OByB5A4 A5 (plane
Ry = 0), and EB;B3A3A3 (plane E). For the region

Rk (Pru,u,x), plane E is not a constraint, and plane D is
an additional constraint. We also note that plane D intéssec
plane C at lineBsAy, and hence plane C does not play
a role (i.e., is not a part of the boundary for the region

where the last step defines a functign(«).

We next
compute the right-hand side of (14) to be
I(va(UhZ%YYQ) = I(Ta C(UhZ)vZa}/Q)

= I(T, C(Ul, Z), Y2|Z)

=al(T,U1;Ys) + (1 — a)I(T;Y5)

= go(a) (16)

R i (Pru,u,x)) above plane E. This demonstrates that the

bound on the sum ratB,+ R, + R becomes redundant when

Ro > I(T;Y). Above plane E, the regioR ; x (Pru, v, x)
has more rate points than the regiBn;¢r(Pru,uv,x), and
these rate points are contained in plai®3, F (planeR; =
0), BB2B3B; (plane B), B1B3A;A; (plane D), A; A3 Az
(plane A), BEA3A1B; (plane Ry = 0), and EB; B3 A5 As

(plane E). From the figure, it can be seen that all extreme

points in this region are either on plane E or on plahe= 0

or R, = 0. It is clear that the extreme points on plane E are
contained iMR ;¢ p(Pru,uv,x ). The extreme points on plane

Ry =0 or Ry = 0 are contained irf4; or C4o, and hence

where the last step defines a functigr{«).

It is easy to see that the functiog («) — go2(a) is
continuous, andg;(a) — g2(o) > 0 whena = 1 and
g1(a) — g2(or) < 0 whena = 0. Hence there must exist
a value0 < a <1 such thaty; (o) = g2(«), i.e., such that

KT, f(Uy,2);Y1) = I(T, f(Uy, Z); Ya).
APPENDIXII
PROOF OFLEMMA 3

For a given distributionPry, ¢, x if 1(T;Y1) # 1(T;Y>),
then assumé(T; Y1) < I(T;Y>) without loss of generality.

must be iR y;¢:p (these points are not necessarily achievetVe wish to show that there exists a distributi® ;s x-

by the distributionPry, 7, x).

VI. CONCLUSIONS

We have showed that two seemingly different inner boun
on the capacity region of the two-receiver discrete memor

that is in Py U P; U Py such thatRLK(PTUlex) -
Rix(Prujuyx:). We consider the following two cases.
Case :I.I(T‘7 Ul;Yl) < I(T, Ul;YQ). Let T’ (T, Ul),
= ¢, Uy = Uz, and X’ = X. Itis clear thatPryy; x: €

!
1
2%1, and we obtain

less broadcast channel are equivalent. Our proof is based Bax (Pru;v;x7)

an important property, motivated by one shown in [7] for the
MGP region, thatRx can also be characterized by only
a subset of joint input distributions. This property greatl
facilitates the proof, which may be challenging otherwise.™
We also anticipate that this property is useful for studying

rate regions for other multiuser channels.
APPENDIX |
PROOF OFLEMMA 2

We define a binary random variah#ethat is independent
of T, Uy, X,Y; andYs, and satisfies

P(Z=0)=«, and P(Z=1)=1-q.
We define a functiore(Us, Z) that satisfies
c¢(U,0) =U;, and ¢(Up,1)=1.
We further define
f(U,2) = (c(Uy, 2), Z).

It suffices to show that there exists a valuel o < 1 such
that

I(T, f(Ur,2); Y1) = I(T, f(U, Z); Ya). (14)

We first compute the left-hand side of (14) to be
KT, f(Ur, Z);Y1) = I(T,c(Ur, Z), Z; Y1)
= I(T, C(Ul, Z), Y1|Z)
=al(T,U; Y1)+ (1 — a)I(T; Y1)
= g1(a) (15)

(Ro,R1,R2) : Ry > 0,R; > 0,Ry >0,

Ro+ Ry < I(T,Uy; Y1)

Ry + Ry < I(T,Uy,Us; Ys)

Ro+ Ry + Ry < I(T,Uy; Y1) + 1(Us; Y2 T, Uy)

Ro+ Ri+ Ry < I(T, Uy, Uy Ys)

2Ry + Ry + Ro < I(T,Uy; Y1) + I(T, Uy, Uz; Ya)

(Ro, R1,Ra) : Ry > 0, Ry >0, Rg > 0,

R() + R1 S I(T, Ul; Yl)

Ro + Ry + Ry < I(T,U1; Y1) + I(Us; Y2 |T, Uy)
(17)

In order to showR 1k (Pru,u,x) C RLK(PT/U{UéX/), we

consider a given pointRy, R1, Ra) € Rrx(Pru,uv,x)- It

is clear that( Ry, R, R2) satisfies the bound oRy + R; in

Rk (Prujuyx)- We further compare thét, + Ry + R

bound in (17) with the firsR, + R, + R bound in (4) and

find that

I(T,Uy; Y1) + I(Uz; Y2 |T, Uy )
— I(T,U1; Y1) = I(Up; Yo|T) 4 I(Uy; Us|T)
= [(Uy; Ya|T, Uy) — I(Us; Ya|T) + I(Uy; Us|T)
= I(Ug; Y2, Us|T) — I(Us; Y2|T)
> 0.
Thus, the rate tripl€ Ry, R;, R2) satisfies the bound oR,+

R1 + R2 |n RLK(PT'U{UEX’)'
Case 2:1(T,Uy;Y1) > I(T,Uy;Y2). The conditions in

(18)

Lemma 2 are satisfied, and hence there exists a function
f(Uy, Z) with Z being a random variable independent of

everything else, such that
I(Ta f(U17Z)aY1) = I(T7f(U1a Z),Y2)



LetT' = (T, f(U1, %)), Uy = U, Uy = Uz, andX’ = X.  Thus, the(Ry, R, R2) that satisfy the fifth bound in (4)
It is clear thatPr .y x: € Po, and we obtain (see (11))  satisfy the fourth bound in (19). This concludes the proof.
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Thus, the tripleg Ry, Ry, R2) that satisfy the third bound in
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