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Rate Regions for Relay Broadcast Channels

Yingbin Liang, Member, IEEE, and Gerhard Kramer, Member, IEEE

Abstract—A partially cooperative relay broadcast channel
(RBC) is a three-node network with one source node and two
destination nodes (destinations 1 and 2) where destination 1 can
act as a relay to assist destination 2. Inner and outer bounds on
the capacity region of the discrete memoryless partially coopera-
tive RBC are obtained. When the relay function is disabled, the
inner bound reduces to an inner bound on the capacity region of
broadcast channels that includes an inner bound of Marton, and
Gel’fand and Pinsker. The outer bound reduces to a new outer
bound on the capacity region of broadcast channels that general-
izes an outer bound of Marton to include a common message, and
that generalizes an outer bound of Gel’fand and Pinsker to apply
to general discrete memoryless broadcast channels. The proof
for the outer bound simplifies the proof of Gel’fand and Pinsker
that was based on a recursive approach. Four classes of RBCs
are studied in detail. For the partially cooperative RBC with de-
graded message sets, inner and outer bounds are obtained. For the
semideterministic partially cooperative RBC and the orthogonal
partially cooperative RBC, the capacity regions are established.
For the parallel partially cooperative RBC with unmatched de-
graded subchannels, the capacity region is established for the case
of degraded message sets. The capacity is also established when
the source node has only a private message for destination 2, i.e.,
the channel reduces to a parallel relay channel with unmatched
degraded subchannels.

Index Terms—Capacity region, inner bound, outer bound, par-
allel relay channels, semideterministic channels.

1. INTRODUCTION

networks where a source node transmits information to
a number of destination nodes that cooperate by exchanging
information. These channels model “downlink” communica-
tion systems that incorporate relaying and user cooperation
to achieve higher throughput. Three RBC models have been
studied recently. In [1], a two-destination partially cooperative
RBC model (see Fig. 1(a)) was studied, where one destination
node (destination 1) acts as a relay [2], [3] and transmits coop-
erative information to the other destination node (destination
2). It was shown that the capacity region of the original broad-
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Fig. 1. Three relay broadcast channels. (a) Partially cooperative RBC (see also
Fig. 2). (b) Fully cooperative RBC. (c) Dedicated-relay BC.

cast channel (BC) was improved due to relaying and user coop-
eration. This RBC model was further studied in [4] for the case
of more than two destinations, where bounds on the capacity
region and minimum energy per bit were derived. The fully co-
operative RBC (see Fig. 1(b)) is a more general model studied
in [1] where both destinations relay information to each other.
The partially and fully cooperative RBCs were also studied in
[5] for the case where the relay-to-relay (or destination-to-des-
tination) channels are orthogonal to each other and to the broad-
cast channel. A third RBC model, called the dedicated-relay BC
(see Fig. 1(c)), was studied in [6], [7], and [8, Ch. 7], where an
additional relay node was introduced to the broadcast channel
to assist all destination nodes.

For the partially cooperative RBC, the achievable rate regions
given in [1] are based on the source node using superposition en-
coding and the relay employing a decode-and-forward scheme.
These encoding schemes were shown to be optimal for cer-
tain cases, e.g., for degraded partially cooperative RBCs, phys-
ically degraded Gaussian channels, and feedback channels. The
achievable regions given in [4] are based on the source node
using either superposition encoding or binning and the relay

0018-9448/$25.00 © 2007 IEEE
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Fig. 2. Partially cooperative RBC.

using a decode-and-forward scheme. In general, these encoding
schemes are not optimal.

In this paper, we derive improved inner and outer bounds
on the capacity region. For the inner bounds, the source node
uses superposition encoding and binning, and the relay employs
a partial decode-and-forward scheme. Our outer bound is dif-
ferent from the outer bounds given in [1] and is based on a dif-
ferent approach. By choosing the relay channel inputs to be null,
both our inner and outer bounds reduce to new bounds on the
capacity region of broadcast channels. In particular, our inner
bound includes Marton’s inner bound ([9, Theorem 2], and [10,
p. 391, Problem 10(c)]) and Gel’fand and Pinsker’s inner bound
[11, Theorem 1]. Our new outer bound generalizes Marton’s
outer bound [9] to include a common message, and generalizes
Gel’fand and Pinsker’s outer bound [11] to apply to general dis-
crete memoryless broadcast channels. Furthermore, our proof is
different from the proof given in [11] that was based on a recur-
sive approach.

We study four classes of partially cooperative RBCs in detail.
The first channel is the partially cooperative RBC with degraded
message sets, where the source node has a common message for
both destinations and a private message for destination 1. For
this channel, we obtain inner and outer bounds on the capacity
region. We also derive an outer bound that has the same form
as the inner bound. However, the joint distributions for the two
bounds satisfy different Markov chain conditions, and thus pre-
vent us from claiming we have found the capacity region.

The second channel is the semideterministic partially coop-
erative RBC, where the relay (destination 1) output is a deter-
ministic function of the source and relay inputs. This model is
a generalization of the semideterministic broadcast and relay
channels studied in [11] and [12], respectively. We establish the
capacity region for this channel and illustrate our result via an
example channel, which we call the Blackwell partially cooper-
ative RBC.

The third channel we study is the orthogonal partially coop-
erative RBC, where the source transmits to destination 1 in one
channel and the source and relay transmit to destination 2 in an-
other orthogonal channel. This model is a generalization of the
relay channel with orthogonal components studied in [13]. For
this channel, we establish the capacity region for both the dis-
crete memoryless and Gaussian cases.

The fourth channel we study is the parallel partially cooper-
ative RBC with unmatched degraded subchannels, which con-
sists of two degraded partially cooperative RBCs as subchannels
from the source node to the two destination nodes. In the first
subchannel, the output of destination 2 is a degraded version of

the output of destination 1, and in the second subchannel, the
output of destination 1 is a degraded version of the output of
destination 2. Our inner and outer bounds on the capacity region
do not match in general for this channel. Three cases are fur-
ther studied. For the case of degraded message sets, i.e., where
the source has a common message for both destinations and a
private message for destination 1, we establish the capacity re-
gion. For case 2, where the source has only a private message
for destination 2, i.e., the channel reduces to the parallel relay
channel with unmatched degraded subchannels, we obtain the
capacity. For case 3, where the source has only private messages
for the destinations, we show that the achievable region is larger
than the Minkowski sum of the capacity regions of the two sub-
channels. This is in contrast to the capacity of parallel broadcast
channels with unmatched degraded subchannels [14], [15].

The organization of this paper is as follows. In Section II, we
describe the partially cooperative RBC model. In Section III,
we present inner and outer bounds on the capacity region of the
partially cooperative RBC that give new bounds on the capacity
region of the broadcast channel. In Sections IV —VII, we present
our results for four classes of channels, namely, the partially co-
operative RBC with degraded message sets, the semidetermin-
istic partially cooperative RBC, the orthogonal partially coop-
erative RBC, and the parallel partially cooperative RBC with
unmatched degraded subchannels. Section VIII concludes the
paper. Note that Sections III —VI appeared in the Ph.D. disser-
tation of the first author [8, Ch.5].

II. CHANNEL MODEL

The partially cooperative RBC consists of a source input
alphabet X, a relay input alphabet X;, and two channel output
alphabets ); and )». The channel is characterized by the prob-
ability distribution p(y1, y2|x, 1), where z indicates the source
input, 1 indicates the relay input of destination 1, and y; and
yo indicate the outputs at destinations 1 and 2, respectively. We
assume that the channel is memoryless, i.e., the present channel
outputs depend on the messages, the previous channel inputs,
and the previous channel outputs only through the present
channel inputs.

Fig. 2 illustrates the channel model. The source has acommon
message Wy that is decoded by both destinations, and private
messages Wy and W that are decoded by destinations 1 and 2,
respectively. The channel reduces to a broadcast channel [16] if
destination 1 (the relay) does not relay information to destina-
tion 2. The channel reduces to the relay channel [2], [3] if the
source has only a private message W5 intended for destination 2.
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TABLE 1
CODEWORDS SENT TO ACHIEVE R/, IN THEOREM 1
block 1 block 2 block 3
Relay codewords | z7(1) " (wo1) 1 (woz)
" (1,wo1) t™ (wo, Woz) ™ (woz, wo3)

uf (1, wor, w11, v11) | uf(wor,wo2, Wiz, v12)

uf (o2, wo3, W13, V13)

Source codewords

uf (wo2, o3, Wa3, V23)

n
1(
uf (1, wo1, w21,v21) | uf(wo1,Woz, waz, va2)
30"(17?1)01711111,’011, I"(w017w027w12,11127

n
x (wozy Wo3, W13, V13,
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w21, 7121)

w22, ?122) W23, U23)

As in Fig. 2, we use upper case letters to indicate random vari-
ables and lower case letters to indicate realizations of random
variables. Exceptions will be clarified where they appear in the
paper. We use 2™ and z* to represent the vectors (z1, ..., %)
and (x;,...,Z,), respectively.
A communication strategy for n channel uses and with rate-
triple (Ro, R, R2) consists of the following.
* Three message sets Wy, = {1,2,...,2"%} k =0,1,2.
¢ Three independent messages Wy, W1, and W that are uni-
formly distributed over Wy, Wi, and W, respectively.
* An encoder that maps each message triple (wg, w1, ws) to
a codeword z™ € A'™.
* Deterministic relay functions fi, fo,...
r1; = fi(yi1, -+ y1—y) for 1 < i <.
* Two decoders: destination &, k¥ = 1,2, maps y;; to a pair
(9,01 ) € Wo x Wi
The probability of error when the message
(Wo, W1, Wa) is sent is defined as

, fn such that

triple

Pe(WO7W17W2)
= PT{(W()(l);W()(Q);Wl,W2) # (WO:WO;W1>W2)} (D)

and the average block probability of error is

onRg 9nRy gnRy

1
Pe= w2 O O Fe(Wo, Wi, Wa). ()
Wo=1W;=1W,=1

The rate triple (Rg, R1, R2) is said to be achievable if, for
any € > 0, there is a (sufficiently long) code with P, < e. The
capacity region is the closure of the set of all achievable rate
triples.

III. BOUNDS FOR PARTIALLY COOPERATIVE RBCS AND
BROADCAST CHANNELS

We use superposition encoding [16], [17] and binning [9],
[18] at the source node, and the decode-and-forward scheme
[3] for the common message Wy. The result is Theorem 1. We
then enlarge our achievable region in Theorems 2 and 3. The
resulting regions are based on using the decode-and-forward
scheme for the common message W, and a partial decode-and-
forward scheme [3], [12] for the private message W5.

Theorem 1: The following is an achievable region for the
partially cooperative RBC:

R = U

p(z1,t,ur,uz,z)p(y1,y2le:,x)
( (R07R17R2): )
Ry >0,R; >20,Ry >0,
Ry >0,R; >0,
1%1—{—1%/1<I(171;Yv1|T’7)(1)7 (3)
R0+R1+Rll <I(71,[]1;Yv1|)(1)7 ’
R2+R12 < I(UQ;Y2|T7X1>7
R0+R2+R/2 < I(T7X17U2;Y2)7
\R/1+R/2>I(U1;U2|T,X1) J

Furthermore, the region R is equivalent to the following
region:

Ri= U
p(z1,tur,uz,@)p(yr,yz|z,x)
( (Ro,Rl,RQ): )
Ry>0,Ry >0,R; >0,
R1 <I(U1;Y1|T,X1)7
Ry + R; < I(T U13Y1|X1)7
R2 <I(U2;Y2|T7X1)7
Ro+ Ry < I(T, X1,Us;Y3),
Ri+ Rs < I(Ul;Y1|T,X1) —|—I(U2;YQ|T,X1)
—I(Uy; Uo|T, X1),
Ro+ R1 + Ry < I(T,Uy; Y1|X1) + I(Us; Yo T, X1)
—I(U1; U2|T, X1),
Ro+ Ry + Ry < I(U; V1| T, X1) + I(T, X1, Us; Ya)
—1(U1; Ua|T, X1),
2R0 + R1 + R2 < I(T, Ul;Y1|X1) + I(]ﬂ7 )(17 UQ;YQ)
—I(U; Ua|T', Xy) /

Proof: The proof of the achievability of R is provided in
Appendix I. We outline the coding scheme in the following. We
transmit in B blocks that each has length n. During each of the
first B — 1 blocks, a message tuple

(Woi, Wi, Way) € [1,27F0] x [1, 2771 x [1,2"1%2]

is encoded and sent from the source node, where 7 denotes the
index of the block and : = 1,2,..., B — 1. The average rate
triple (RoZ5%, R125E, RyE51) over B blocks approaches
(Ro, Ry, R2) as B — oo. For convenience, we list the code-

words that are sent in the first three blocks in Table 1.

“
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At the beginning of block 1, the relay transmits a default
codeword z7(1). The source first encodes wg; into a code-
word t"(1,wp1). Given wqi, wy1, woy, the source finds a
pair (’11117 U21) so that w’f(l), tn(l, wm), u’f(l, w1, W11, Ull),
and u% (1, wo1,wa1,v91) are jointly typical. The source then
transmits the codeword =™ (1, wop1, w11, V11, Wa1, V1), Which
is a function of z7 (1), t"™(1,wo1), u} (1, wo1,w11,v11), and
u% (1, wo1, wa1,v21). At the end of block 1, destination 1 (the
relay) decodes wg; and wi1, and transmits 7 (wp1) in block
2. The source continues to use steps similar to those in block
1. Destination 2 decodes wg; and wsy; based on its channel
outputs up to the end of blocks 1 and 2.

The region R is obtained from R} by applying Fourier—
Motzkin elimination (see, e.g., [19]) to eliminate R} and R
from the bounds in (3). O

We note that the achievable regions R; and R} are derived
based on the relay employing a decode-and-forward scheme.
One can also derive an achievable rate region based on the relay
using a compress-and-forward scheme as in [3, Sec.VI], but this
is not the focus of this paper.

The following lemma states a property [20] that we use to
enlarge R in Theorem 2.

Lemma 1: If the rate triple (Ry, R1, R2) is achievable for the
partially cooperative RBC, then the rate triple (Ry — Ay — Ay,
Ry + Ay, Ry + Ay) is also achievable, where A; > 0, Ay > 0,
and A1 + Ay < Ry.

Theorem 2: The following is an achievable region for the
partially cooperative RBC:

Ry =
p(@1,t,u1,u2,2)p(y1,y2|w1,7)
( (Ro,Rl,Rg): A
Ry>0,Ry >0,Ry >0,
Ro+ R1 < I(T7 Ul;Y1|X1),
R(] +R2 < I(T,X17U2;Y2)7
Ro+ R1+ Rs < I(T, Ul;Y1|X1)
—|—I(U2;Y2|T,X1) —I(Ul;U2|T,X1)
Ry + Ri + Ry < I(Uy; 1 |T, X71)
+I(T7X17U2;Y2) —I(Ul;U2|T,X1)
2Ry + R1 + Ry < I(T Ul;Y1|X1)
\ +I(T, X1,Uz;Y2) — I(Uy; Ua|T, X1) )

®)

?

Proof: We define
RBZRo—Al—AQ, Rll =Ry + Aq, RIQZRQ‘i‘AQ (6)

where A; > 0, Ay > 0, Ay + Ay < Ry. The region Ro
is obtained by inserting (6) into the bounds (4) and applying
Fourier-Motzkin elimination to eliminate A; and A, from
those bounds. O

Note that for R, and R in Theorem 1, the relay decodes and
forwards only the common message Wy, i.e., the relay does not
help forward Ws. However, in Lemma 1, we convert part of rate
Ry to Ry and/or Rs, so the relay now forwards part of Ws.

The region R, includes the following region that will be
useful when we consider the semideterministic partially coop-
erative RBC in Section V.
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Theorem 3: The following is an achievable region for the
partially cooperative RBC:

U

p(z1,t,u1,u2,2)p(y1,y2]21,2)
( (R07R17R2)1 )
Ry>0,Ry >0,Ry >0,
Ry < min {I(T;Y1]1X1), (T, X1;Y2)}
Ro+ R; < I(T7 Ul;Y1|X1>.,
Ro+ R < I(T, Ug,Xl;Yg),
Ry + Ry + Ry < I(T,Uy; Y1|X1)

+I(Uz; Ya|T, X1) — I(Uy; Ua| T, X1),

Ro+ R1+ Re < I(Ul;Y1|T,X1)
. +I(T,X1,U3;Ys) — I(Uy; Us|T, Xy) )

R =

?

)

Proof: The achievability of R3 follows from the achiev-
ability of R, by observing that any rate triple that satisfies the
bounds in R also satisfies the bounds in R. In particular, the
addition of the first bound on Ry in R3 (the first term in the
“min”’) with the last bound on Ry + R; + Ry in R3 implies the
last bound in Ro. An alternative proof of the achievability of
R is given in Appendix III, where R is derived from the re-
gion R . This alternative proof exploits the geometric structure
of Rg . O

Remark 1: The region R3 reduces to Marton’s region ([9,
Theorem 2], and [10, p. 391, Problem 10(c)]) and Gel’fand and
Pinsker’s region [11, Theorem 1], for the broadcast channel.
This can be seen by setting X; = ¢ in Rag, i.e., disable the
relay function for destination 1.

Remark 2: The region R 3 reduces to the achievable rate of a
partial decode-and-forward scheme for the relay channel given
in [12]. This can be seen by setting Rg = 0 and R; = 0, and
choosing Uy = T and Uy = X in (7). The resulting lower bound
is

Ry < maxmin{I(XhX;YQ).,

KT Y1|X1) 4+ I(X; Yo, Xl)} ®)

where the maximum is taken over the joint distributions
p(t7 T, x)p(yh y2|£1717 IE)

We next provide an outer bound on the capacity region.

Theorem 4: The following is an outer bound on the capacity
region of the partially cooperative RBC:

U

p(tu,z1,2,y1,y2)
( (Ro,Rl,RQ): )

Ry >0,Ry >0,Ry >0,

RO S min {I(T, Y1|X1)7I(T7 Xl;YQ)},

Ro+ R < I(X;Y1]Xy),

RO + R2 S IIllIl{I(T’7 U7X1;Y2)7I(X7X1;Y2)}7

Ro+ Ri+ Ry < I(T; 1| X1) + I(X; Y4 |T, U, Xy)

+1(U; YT, X1),

Ro+ Ry + Ry < I(X;|T,U, Xq) + I(T,U, X1;Ya),

\ Ro+ Ry + Ry < I(X;Y1,Y3|X,) )

R =

C))
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where the joint distribution p(¢,w,x1,x,y1,y2) satisfies the
Markov chain

(T,U)—>(X17X7Y1)—>Y2. (10)

Proof: See Appendix II. O

Remark 3: The region R is convex. In fact, the random vari-
able () defined at the end of Appendix II can be viewed as a
time-sharing random variable.

Remark 4: The joint distribution p(¢, u, z1,z,y1,y2) of the
random variables in Theorem 4 does not necessarily satisfy the
Markov chain

<T7U)_><X17X>_><Y17Y2)~ (11)

Remark 5: The outer bound R is at least as good as cut-set
bounds, and is sometimes tighter for cases where the capacity
region is strictly smaller than the cut-set region (see Sections V
and VI). For example, the outer bound R reduces to the capacity
region of the semideterministic partially cooperative RBC (see
Section V) and is strictly tighter than cut-set bounds for this
channel.

A. New Bounds for Broadcast Channels

The capacity region of the discrete memoryless broadcast
channel is still unknown. Inner and outer bounds have been ob-
tained in, e.g., [9], [16], [20], and, e.g., [9], [11], respectively.
We provide new inner and outer bounds derived from Theorems
2 and 4, respectively.

Theorem 5: The following is an inner bound on the capacity
region of the broadcast channel:

Ro,BCc = U
p(t,u1,uz2,2)p(y1,yz2|r)

( (R()./Rl,Rg) : A

Ry >0,Ry >0,Ry >0,

Ro+ R1 < I(T, U1;Y1)

Ro + R2 < I(T7 U2;Y2)7

Ro+ Ri1+ Ry < I(T,Ul;Yl)
+I(U2,Y2|T) — I(Ul, U2|T)

RO + Rl + R2 < I(Ul,Y1|T)
+I(T,Uy; Y2) — I(Uy; Uo|T),

2Ry + Ry + Ry < I(T,Uy; Y1)

\ +I(T,U2;Y2)—I(U1;U2|T) )

?

12)

Proof: The proof follows by setting X; = ¢ in Theorem 2.
O
Among the inner bounds that have been obtained for the
broadcast channel so far, Marton’s region [9, Theorem 2] is
the largest without a common message. The largest region
with a common message appears both in [10, p. 391, Problem
10(c)], and [11, Theorem 1], and we call this region the
Marton—Gel’fand—Pinsker region. This region can be derived
from R3 in Theorem 3 (see Remark 1). Comparing Theorem
5 with the Marton—Gel’fand—Pinsker region, we make the
following remark.
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Remark 6: The bounds defining R2 pc in (12) differ from the
bounds defining the Marton—Gel’fand—Pinsker region in [10, p.
391, Problem 10(c)] and [11, Theorem 1], in that the bound on
2Ry + Ry + R5 in (12) replaces the bound

Ry < min{I(T;Y1),I(T;Y>)}
that appears in [10, p. 391, Problem 10(c)], and [11,
Theorem 1]. It is easy to see that R, pc includes the
Marton—Gel’fand—Pinsker region (see the proof of Theorem 3).

The following outer bound can be inferred from Theorem 4.

Theorem 6. The following is an outer bound on the capacity
region of the broadcast channel:

Rpc = U
p(t,u,v,2)p(y1,y2|z)
( <R07R17R2) : )
Ry >0,R; >20,Rs >0,
Ro < min{I(T; Y1), I(T; Ya)}
Ro+ R, < I(X:; Y1),
RO + RZ S I(T, U;Y2)7
Ro+ Ry + Ry < I(T; Y1) + 1(X;Y1|T, U)
+I(U; Ya|T)
Ro+ Ri+ Ry < I(T,U;Y>) + I(X; 1 |T, U),
Ro+ Ry < I(T,V; Y1),
Ro+ Ry < I(X:Y>),
Ro+ Ry + Ry < I(T,V; Y1) + I(X; Y2 T, V),
Ry+ R1+ Ry < I(T;Yz) -I—I(V,Y1|T)
( HI(XYa|T, V). )

(13)

Proof: The first five nontrivial bounds can be obtained
from Theorem 4 by setting X; = ¢. The last four bounds
can be obtained by switching the roles of destinations 1 and 2.
Note that the joint distribution p(¢, u, v, z,y1,y2) satisfies the
Markov chain

(T,U,V) = X — (Y1,Y3). (14)
One can check this condition by referring to the proof of The-
orem 4 given in Appendix II. O

Remark 7: The outer bound R ¢ reduces to the outer bound
in [9, Theorem 5], for the broadcast channel with only private
message sets. It also reduces to the outer bound in [11] for the
semideterministic broadcast channel with both a common mes-
sage and two private messages. Note that our proof is simpler
than the proof given in [11] that was based on a recursive ap-
proach.

Remark 8: The outer bound R ¢ gives the capacity region
for the more capable broadcast channel studied in [21].

Remark 9: Independent of our new outer bound in Theorem
6, which appeared in a conference paper [22], Nair and El Gamal
provided another outer bound for the broadcast channel in [23,
Theorem 2.1]. The bound in Theorem 6 is different from the
bound in [23, Theorem 2.1], and it is not yet clear if one bound
is better than the other.
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Yo X,

X Y,
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Fig. 3. Partially cooperative RBC with degraded message sets.

IV. PARTIALLY COOPERATIVE RBCs WITH DEGRADED
MESSAGE SETS

In this section, we consider the partially cooperative RBC
with degraded message sets where Ry = 0 (see Fig. 3). We
derive the following bounds.

Theorem 7: An inner bound on the capacity region of the
partially cooperative RBC with degraded message sets is

Rdm = U
p(t,w1,@)p(y1,y2|2,1)
(R(),Rl) :
Ro>0,R, >0,
RO < I(T,Xl;Yz),
Ro+ Ry < I(AX;Y1|_X1)7
Ro+ Ry < I(X;W|T,X1) + I(T, X1;Y3)

5)

An outer bound on the capacity region is

Ram = U
p(tw,zy,2,y1)p(yz2|y1,2,21)
( (Ro,Rl) : A
Ry >0,R; >0
Ry < min{I(T; Y1|X1),I(T, Xl;Yz),l(X, Xl;Yz)}
Ro+ Ry < I(X,Y1|X1)
Ro+ Ry < I(T,Y1|X1) + I(X,Y1|T, U,Xl)
+I(U; Y>|T, X1)
R0+R1<I(X;Y1|T7U7X1)+I(T,U7X1;Y2) /
(16)

Proof: The inner bound follows from Theorem 2 by setting
Ry = 0 and choosing U; = X and U, = T'. The outer bound
follows from Theorem 4 by setting R, = 0. O

We note that the outer bound R 4,,, implies the following outer
bound by writing (7', U) as T for the last bound in (16)

m = U
p(tzy,2,y1)p(yz2|y1,2,21)
(Ro,Rl) :
Ry >0,R; >0,
Ry < I(T7X1§Y2)7
Ro+ Ry < I(X;Y1|X1),
Ro+ Ry < I(X,Y1|TX1) +I(TX17Y2)

a7

Rema_rk 10: The inner bound R4, in (15) and the outer
bound R/, in (17) have the same form except that the joint
distribution p(t, z1, z, y1, y2) satisfies different Markov chains.
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Fig. 4. Semideterministic partially cooperative RBC.

V. SEMIDETERMINISTIC PARTIALLY COOPERATIVE RBCS

In this section, we specialize our theory to semideterministic
partially cooperative RBCs (see Fig. 4).

Definition 1: A partially cooperative RBC is semideter-
ministic if the transition probability distribution p(y1|z,x1)
takes on the values 0 or 1 only. The channel is deterministic if
p(y1,y2|x, z1) takes on the values 0 or 1 only.

Theorem 8: The capacity region of the semideterministic par-
tially cooperative RBC is

Csd = U
p(t,u,z1,2)p(y1,y2|z,21)
( (R07R17R2) : )
Ry < min {I(T7Y1|X1)/I(T7 Xl;Y2>}7
Ro + Ry < H(Y1|Xy),
Ro+ Ry < I(T,U, X1;Y2),
Ro+ Ry + Ry < I(T; Y11 X1) + HYA|T, U, Xy)
+I(U; Y>|T, X1)
\ Rop + R1 + Ry < H(Y1|T7U,X1)+I(T,X17U;YQ) ),
(18)

Proof: Achievability follows from Theorem 3 by setting
U, = Y1, redefining Us = U, and using

H(Y1|X1,X) =0.

The converse follows from Theorem 4 by using
H(Y1|X;,X) = 0. We are left to show that the joint
distribution p(t,u,x1,x,y1,y2) for the outer bound satisfies
the Markov chain
(T7U>—>(X17X>—>(Y17Y2). (19)
This condition follows from the proof of Theorem 4 given in
Appendix II. |

Remark 11: Theorem 8 reduces to the capacity region of the
semideterministic broadcast channel given in [11] by setting
X, = ¢.

Remark 12: Theorem 8 reduces to the capacity of the semide-
terministic relay channel given in [12] by setting By = 0,
R =0,T=Y,andU = X.

It is now easy to derive the following capacity region from
Theorem 8.
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Corollary 1: The capacity region of the deterministic par-
tially cooperative RBC is

Cq= U
p(t,z1,2)p(yi,y2]z,21)
( (R07R1,R2) : )
Ry>0,R >0,Ry >0,
Ry < mln{I(T’Y1|X1)7I(T7 Xl;YQ)}a
Ro+ Ry < H(Y1]X4),
Ro+ Ry < H(Y3),
Ro+ Ry + Ry < I(T; Y11 X1) + H(Y1,Ys|T, Xy)
\ Ro+ Ry + Ry < I(T, X1;Y2) + H(Y1,Y>|T, X,) )

(20)
Proof: Achievability follows by setting U = Y5 in The-
orem 8. To prove the converse, consider Theorem 4 and note
that the first two bounds in (20) follow from the first two bounds
in (9) by using H(Y1|X1, X) = 0. The third bound in (20) fol-
lows from the third bound in (9) by using H(Y2|X;,X) = 0.
We next use the fourth bound in (9) and obtain the fourth bound
in (20)
Ro+ Ri+ Ry
< I(T; YA Xy) + (X5 Y4 |T, U, X)) + 1(U; Y2 |T, Xy)
< I(T V1| X)) + I(X5 Y, Yo T, U, Xy)
+I(U; Y1, Ys|T, X1)
- I(T’7 Y1|X1) + I(X U;Yl,Y2|T, Xl)
= I(T;Y1|X1) + H(Y1, Y2|T, X1) 2D
where the last step follows by using H (Y7, 2| X1, X) = 0.
Finally, we use the fifth bound in (9) and obtain the fifth bound
in (20)
Ro + Ry + Ry <I(X;1|T,U, Xy) +

+ (T, X1;Y>)
<I(X; Y, Ya|T,U, Xy)

—I— I(U, Y17Y2|T,X1) —|— I(T Xl; Yg)
<I(X,U; Y1, Yo T, X1) + I(T, X1; Ya)
SH(Y1/Y2|TX1)+I(T/X1,Y2) (22)

O

I(T,U, X1;Y3)
I(U;Ys|T, X1)

Corollary 1 has an especially simple form when Ry = 0.

Corollary 2: The capacity region of the deterministic par-
tially cooperative RBC with Ry = 0 is
(Rl, Rg) :
U Ry >0,Ry >0,
Ry < HY11X1), Ry < H(Y3),
Ry + Ry, < H(Y1,Y2|X,)

Ca= (23)

p(zq,z)
p(y1,v2lz,21)
Proof: Achievability follows by setting 7' = ¢ and Ry = 0
in Corollary 1. The converse follows from cut-set bounds. [J

We now consider an example channel that we call the Black-
well partially cooperative RBC.

Example 1: Suppose the channel from the source to destina-
tions 1 and 2 is the Blackwell broadcast channel [24], [25] with
the channel depicted in Fig. 5. Suppose further that the channel
from destination 1 to destination 2 is orthogonal to the channel
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Fig. 5. Blackwell partially cooperative RBC.

from the source to destinations 1 and 2, and is deterministic with
capacity r (see Fig. 5). We refer to this channel as the Blackwell
partially cooperative RBC.

Suppose that Ry = 0. From Corollary 2, we obtain the fol-
lowing bounds:

I AN

)

) < H(Ygl) +H(Y22)
Y1,Y2|X1) = H(Y1,Ya1, Yo2| X1)

Y
Y;

/\I/\

H(

H(

Ry + R H(
(b)

=H(Y1,Y21|X1) < H(Y1,Y21) (24)

where (a) and (b) are equalities if and only if X is indepen-

dent of X;. It is clear that the input distributions p(z, z1) that

achieve capacity boundary points have X independent of X7.
We parameterize the distribution of X as follows:

Pr{X=0}=a, Pr{X=1}=0,

Pr{X=2}=1-a-p 25)

where a > 0, 8 > 0, and o + § < 1. Inserting (25) into
(24), we obtain the capacity region for the Blackwell partially
cooperative RBC

CB’IH,RBC = U
a>0,8>0,a+3<1
(R17 RQ) :
Rl Z 0; R2 Z 07
Ry < h(B), R <7+ h(a),
Ri + Ry < —aloga — Blog 3
—(1—a—p)log(l—a-p)

where h(z) := —zlogz — (1 — z) log(1l — x).

If destination 1 does not relay information for destination 2,
the RBC reduces to the Blackwell broadcast channel. In this
case, the region (26) reduces to (see [25])

Cw,BC = U

a>0,820,a+8<1
(Rth) :
Ry >0,Ry >0,
R < }L(/B>7R2 < h(a)v
Ry 4+ Ry < —aloga — Blog
~(1—a-B)logl—a— )

(26)

27
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Fig. 6. Capacity region of the Blackwell partially cooperative RBC.
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Fig. 7. Orthogonal partially cooperative RBC.

We compare the capacity region (26) for different r in Fig. 6
(the capacity region of the Blackwell broadcast channel (27) is
given by the dashed curve labeled » = 0). From this figure, it is
clear that relaying improves rates by enlarging the bound on R»
in (26). The capacity region grows as r increases because the
relay is able to transmit more information to destination 2. The
capacity region saturates and does not improve when the value
of r is beyond a certain threshold, because the rate at which the
relay can decode limits the performance.

VI. ORTHOGONAL PARTIALLY COOPERATIVE RBCs

In this section, we study the orthogonal partially cooperative
RBC where the relay (destination 1) has the practical constraint
that it must transmit and receive in two orthogonal channels. The
channel model is illustrated in Fig. 7 and is defined as follows.

Definition 2: An orthogonal partially cooperative RBC con-
sists of two source input alphabets Xr and X'p, a relay input
alphabet &7, two channel output alphabets }; and )», and a
transition probability distribution

p(y1, y2|r, tp,x1) = p(y1|zr, T1)p(y2|TD, 21).  (28)

Note that this model reduces to the relay channel with orthog-
onal components studied in [13] if the source has only a private

message W, for destination 2. We have the following capacity
theorem.

Theorem 9: The capacity region of the orthogonal partially
cooperative RBC is
Cor =
p(@1)p(zr|®1)p(zp|w1)p(v1|7R.71 )P (V2|2 D71 )
(Ro, R1, Ro) :
Ry>0,Ry >0,Ry >0,
Ry + Ry < I(Xg; Y11X1),
Ro+ Ry < I(Xp,X1;Ys),
Ro+ Ry + Ry < I(Xg; Y1|X4)
+1(Xp; Y2|X1)
Proof: To prove achievability, consider Theorem 2 and set
T = ¢,U; = Xg, and Uy = X p. We further choose

p(z1, 2R, 2p) = p(r1)p(rr|r1)p(TD|T1).
The first, second, and third bounds in (5) provide the achievable

region, and the other two bounds in (5) are implied by these
three bounds. The converse follows from cut-set bounds. O

(29)

An alternative proof of achievability is provided in Ap-
pendix IV. From this proof, we see that the source does not
apply superposition encoding or binning, and that block Markov
encoding is not necessary. Hence, the code construction and
encoding is much simpler for the orthogonal partially coopera-
tive RBC than for a general partially cooperative RBC.

Remark 13: Theorem 9 reduces to the capacity of the relay
channel with orthogonal components given in [13]. The result is

R2 S min{I(XD, X1; YQ), I(XR, Y1|X1) + I(XD, Y2|X1)}

(30)

We next consider the Gaussian orthogonal partially coopera-
tive RBC with channel outputs

Y1 =Xr+ 71

Yo=Xp+ X1+ 2 €1y
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Fig. 9. Parallel partially cooperative RBC with unmatched degraded subchannels.

where Z; and Z, are independent Gaussian random variables
with variances N7 and N», respectively. The channel input se-
quences {(zg,Zp;)} and {1 ;} are subject to the following
average power constraints:

I I

Y E[X},+Xp,]<Pand =) E[X},] <P (32
n ; [ R,i + D,z] = an n ; [ 1,1] >~ 11 ( )
The capacity region for this channel is as follows.

Corollary 3: The capacity region for the Gaussian orthogonal
partially cooperative RBC is

( (Ro, Ry, R2) : \
Ry >0,R; >0,Ry > 0,
U R0+R1§c<%)7
Coom = 7 B
a,0e0,1] | Ro+ Ry <C <M) :
| Fo+ Ri+ Ra<c(32) +¢(%E) )
(33)

where C(z) = 1 log(1 + x).

Proof: The proof is a simple extension of Theorem 9 and
is omitted. ]

In Fig. 8, we plot the capacity region of the orthogonal par-
tially cooperative RBC (boundary with solid lines) for different
values of signal-to-noise ratio (SNR) P; /N of the channel from
the relay to destination 2 for the case where Ry = 0. It can be
seen that the capacity region improves as P; /N5 increases and
saturates when P; /N5 is beyond a certain threshold as in Fig. 6.
We note that if P; /Ny = 0, the orthogonal partially cooperative
RBC reduces to the orthogonal broadcast channel.

VII. PARALLEL PARTIALLY COOPERATIVE RBCS WITH
UNMATCHED DEGRADED SUBCHANNELS

In this section, we consider the parallel partially cooperative
RBC with unmatched degraded subchannels. This channel in-
cludes two partially cooperative RBCs (subchannels I and II)
with communication links in two channels orthogonal to each
other. Moreover, the output of destination 2 is a degraded ver-
sion of the output of destination 1 in subchannel I, and the output
of destination 1 is a degraded version of the output of destina-
tion 2 in subchannel II. The channel model is illustrated in Fig. 9
and is defined as follows.
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Definition 3: A parallel partially cooperative RBC with un-
matched degraded subchannels has a vector source input al-
phabet (X,, X}), a vector relay input alphabet (X,, X1p), two
vector output alphabets (Y14, V1p) and (Vaq, V2p ), and a transi-
tion probability distribution

p(?/lm y2a|£17a, il?la)p(ylb-, y2b|ll7b-, ll71b)

that satisfies the following two physical degradedness condi-
tions:

p(ylaa Y2a |xa7 xla) :p(yla |xa7 xla)p(yZa |y1a= xla)

P(y1v, Yoo T, T16) = p(y2n|Te, 16)p(Y16|y2n, T16)-  (34)

Note that the capacity with physically degraded subchannels
(34) can be strictly smaller than the capacity with stochasti-
cally degraded subchannels where each subchannel is only re-
quired to have the same marginal distributions p(y1;|z;, z1;)
and p(y2;|zi, 1) as a physically degraded subchannel. This is
different from the broadcast channel, where stochastically and
physically degraded channels have the same capacity region if
the two channels have the same marginal distributions.

We also note that the parallel partially cooperative RBC with
unmatched degraded subchannels is not a degraded partially co-
operative RBC, although both subchannels are degraded. We ob-
tain the following bounds on the capacity region.

Theorem 10: An achievable region for the parallel partially
cooperative RBC with unmatched degraded subchannels is

Rpara = U
P(ta,Ta,®1a)P(te,T6,716)P(Y1a Y24 |TasT1a)P(Y16,Y20 |Tb,T15)

( (R07R17R2) : )

Ry >0,R1 >20,Re >0,

Ry < I(Ty;Y1a|X1a) + I(Th; Y1 | X18),

Ro < I(T4, X143 Y2a) + I(Ty, X133 Yop),

Ro + Ry < I(Xa; Y1a|X14) + I(T; Y10 | X11)

Ro+ Ry < I(Ty, X143 Yoa) + I( X, X103 Yop), [ ©%3)
Ry + R1 + Ry < I(X4; Y14|X14)
+I(Ty; Y1s| X1p) + I(Xp; Yo | Tt, X10),

Ro+ Ri + Ry < I(X4; Y1a|To, X1a)

\ +I(Ta, X143 Yoa) + I( X, X1p; Yop) J

An outer bound on the capacity region is

7épara =
P(Ta,@1a)P(®,210)P(Y1a,Y2a |Ta,@1a)P(Y16,Y20 |T6,210)

(Ro, R1, R2) :
Ro>0,R1 >20,Ry >0,
Ro + Ry < I(X4;Y14|X14) + I(Xe; Y1 | X 1), . (36)

Ro+ Ry < I(Xa, X143 Y2a) + 1( Xy, X135 Yop)
Ry + Ri + Ry < I(X.4; Y14l X14a)
+1(Xy; Yop| X18)

?

Proof: The inner bound follows by choosing Y; =
(Yia, Y11), Yo = (Yoo, Ya), T = (Ta, Ty), U1 = X, and
Us = Xj in Theorem 3, and by assuming that (75, X,, X14)
is independent of (T}, X, X15). The outer bound follows from
cut-set bounds and the degradedness conditions (34). O
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Remark 14: The region Rpara in Theorem 10 reduces to
the capacity region of the product of two unmatched degraded
broadcast channels given in [15].

In general, the inner and outer bounds given in Theorem 10 do
not match. We next consider three cases of this channel where
the source has different message sets for the two destinations.
Case 1 has Ry = 0, i.e., the source has a common message W)
for both destinations and a private message W, for destination
1. We obtain the following capacity region for this case.

Theorem 11: For the parallel partially cooperative RBC with
unmatched degraded subchannels where R = 0, the capacity
region is

C}I)ara = U
P(t,Ta,T1a)P(T5,%16)P(Y1a,Y2a|Ta T 1a)P(Y16,Y26 | Th,T18)
(Ro, Rl) .
Ry >0,R; >0,
Ry < I(T, X14;Yaq) + I( Xy, X135 Yap), 37)
Ro+ Ry < I(Xa; Y1a|X1a) + 1(Xp; Y13 X18), [
Ro+ Ry < I(Xa:; YT, X1a) + I(T, X143 Y24)
+I( Xy, X1p; Yap)

Proof: To prove achievability, we use (15) in Theorem 7
with T = (T, Xp), X = (Xa, Xp), Y1 = (Y14, Y1p), and
Y = (Yaa, Yoy), and assume (7, X,, X1,) is independent of
(X, X1p). Finally, we replace T, with T'. The converse is given
in Appendix V. O

We now consider case 2, where Rg = 0 and R = 0, i.e.,
the source has only a private message W5 for destination 2. The
channel in this case reduces to the parallel relay channel with
unmatched degraded subchannels. Note that this relay channel is
not degraded as defined in [3]. We obtain the following capacity
result.

Theorem 12: The capacity of the parallel relay channel with

unmatched degraded subchannels is
Chhea = maxmin{/ (X, X145 Yaa) + 1(Xp, X155 Yap),
I(X4;Y1a| X1a) + T(Xp; Yop| X1) }-

where the maximum is taken over all joint distributions

(38)

P(Ta, T1a)p(Ty, T16)P(Y1a> Y2a]Tas T1a)P(Y10, Y2b| 28, T18)-

Proof: Achievability follows by setting Ry = 0 and Ry =
0 and choosing T, = X,, T, = ¢ in (35) in Theorem 10. The
converse follows by setting Ry = 0 and R; = 0 in the last two
bounds in (36). O

Remark 15: Theorem 12 establishes the capacity for a new
class of relay channels.

Note that the capacity C of the point-to-point parallel channel
with two subchannels is C' = C, +C} if the capacities of the two
subchannels are C; and Cy, respectively. However, this is not
true for the parallel relay channel. To see this, observe that the
capacities of the two degraded relay subchannels are (see [3])

max
P(Za,210)P(Y1a,Y2a|%a,T10a)

Hlin{I(Xa7 Xla; Y2a)7 I(X(u Y1a|X1a)}

Cy = I(Xy; Y| X15).  (39)

max
p(zp,216)P(Y1b,Y25 [T6,215)
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Fig. 10. An example of parallel relay channel with unmatched degraded sub-
channels.

But the sum of C, and C} in (39) is
Co 4 Cp = maxmin{I(X,, X14;Y2,) + I(Xp; Yo | X11),
I(Xa; Yia| X1a) + 1(Xp; You | X13) }

<Gy, (40)

para

where the maximum is taken over all joint distributions

P(Tas 210)P(Ty, T16)P(Y1a> Y2a|Ta, T1a)P (Y16, Y20 |T0, T18)-

Remark 16: The capacity of the parallel relay channel with
two subchannels can be larger than the sum of the capacities of
the two subchannels.

Intuitively, Remark 16 follows because information trans-
mitted over the two subchannels may not be independent as in
the point-to-point parallel channel with two subchannels. As
we show in the following example, information forwarded from
the source to the relay in one subchannel may be forwarded
from the relay to the destination in the other subchannel.

Example 2: Consider the two subchannels shown in Fig. 10
and suppose all channel input and output alphabets are {0, 1}.

One can check that subchannel I is degraded with capacity
C, = 0, and subchannel II is reversely degraded with capacity
Cp = 0. However, by (38), the capacity of the parallel relay
channel is C[} ., = 1 that is larger than C,, + C,. This capacity
is achieved by having the source node forward 1 bit per channel
use to the relay over subchannel I, and the relay forward 1 bit

per channel use to the destination node over subchannel II.

Finally, consider case 3 where Ry = 0, i.e., the source has
private messages Wy and Ws for destinations 1 and 2, respec-
tively.

Corollary 4: For the parallel partially cooperative RBC with
unmatched degraded subchannels where Ry = 0, an achievable
region is

T
Rpara - U
p(ta,ca,®1,a)P(tp>2p:21 5)P(V1,a:¥2,alTa ®1,a)
P(v1,5:v2,0l2p,@1,)
(Rl, RQ) : A
Ry > 0,Ry >0,

Ry < I(Xa; Y1alX1a) + I(Ty; Yis| X 1),
Ry < I(T,, X145 Y2a) + I(Xp, X115 Y2p),
Ri+ Ry < I(Xa; Y1a|X14) + I(Ty; Y18 | X10)
+I(Xp; You [Ty, X1p),
Ri+ Ry < I(Xa; Y1a|Ta, X1a) + (10, X145 Y24)
L +1( Xy, X1p; Yop) J
Proof: The result follows directly from Theorem 10.

(41)

O
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Note that the two subchannels in Corollary 4 are the degraded
RBC with the capacity region given in [1] and the reversely de-
graded RBC with the capacity region given in [4]. The capacity
regions of the two subchannels are as follows:

U

p(tawa x1q)
P(¥1a-¥2alZa ®1a)

(Rl.,RQ) .
Ry >0,Ry >0,R; <I(Xg;Y14|Ta, X1a)
Ry < min{I(T,, X1a; Y2a), I(Ta: Y1a| X1a) }

Ca

(42)

p(tp,2p,21p)
P(v1p-v2p |22 1p)

(RhRg) .
Ry >0,Ry >0, Ry < I(Ty; Y1 X1s)
Ry < I(Xy; You|Tp, X1p)

(43)

The Minkowski sum of the preceding two capacity regions is
given by

Ca+cM={(Rh}ﬁ):Rlzfﬁa+1ﬁmRz=fba+1ﬁm}.

where (R14, Raq) € Ca, (R1p, Rap) € Cp
(44)

From the preceding relay channel example, it is clear that, in
general, we have

C,+C, c RII

para*

(45)
We hence make the following remark.

Remark 17: The achievable region of the parallel partially
cooperative RBC with unmatched degraded subchannels where
Ry = 0 can be larger than the Minkowski sum of the capacity
regions of the two subchannels. This is in contrast to the parallel
broadcast channel with unmatched degraded subchannels and
Ry = 0, where the capacity region equals the Minkowski sum
of the capacity regions of the two subchannels [14], [15].

VIII. CONCLUSION

We derived new inner and outer bounds on the capacity region
of the discrete memoryless partially cooperative RBC. The inner
bounds are based on the source using superposition encoding
and binning, and the relay using decode-and-forward for the
common message and partial decode-and-forward for the pri-
vate message for destination 2. Our outer bound on the capacity
region uses a more general and simpler approach than the re-
cursive approach of Gel’fand and Pinsker for semideterministic
broadcast channels. Based on our inner and outer bounds, we es-
tablished the capacity regions for the semideterministic partially
cooperative RBC, the orthogonal partially cooperative RBC,
and the parallel partially cooperative RBC with unmatched de-
graded subchannels where Rs = 0. We also established the ca-
pacity region for the parallel relay channel with unmatched de-
graded subchannels.

Our inner and outer bounds can be specialized to new
bounds for the broadcast channel. By letting the relay inputs
be null, our inner bound reduces to a region that includes
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the Marton—Gel fand—Pinsker inner bound. Our outer bound
reduces to a new capacity outer bound for the broadcast channel
that generalizes Marton’s outer bound to include a common
message, and generalizes Gel’fand and Pinsker’s outer bound
to apply to the general discrete memoryless broadcast channel.

APPENDIX |
PROOF OF ACHIEVABILITY FOR R/| IN THEOREM 1

Suppose the source uses superposition encoding and
binning, and destination 1 (the relay) uses decode-and-for-
ward for the common message W,. We adopt the regular
encoding/sliding-window decoding strategy [26] for the de-
code-and-forward scheme (see [6, Sec. I], for a review of
relaying strategies).

As we outlined in the proof of Theorem 1 in Section III,
we transmit in B blocks that each have length n (for conve-
nience, we use the same notation for the block length as in
Section II even though transmission is here done in smaller
blocks). During each of the first B — 1 blocks, a message
tuple (Wo;, Wi, Wa;) € [1,27F0] x [1,2nf1] x [1,27R2] is
encoded and sent from the source node, where 7 denotes the
index of the block and : = 1,2,..., B — 1. The average rate
triple (RoZ5%, R1Z52, RyB-1) over B blocks approaches
(RQ,Rl,RZ) as B — oo.

We use random codes and fix a joint probability distribution

p(z1)p(tlz1)p(us, ualzy, )p(z|zy, t,uy, u2)p(y, ya|z, v1).
(46)

Let T™(Px, Tv,U,xY,v,) denote the strongly jointly e-typical
set (see [10, Sec. 1.2]) based on the distribution (46).

Random Codebook Generation: We generate two statisti-
cally independent codebooks (codebooks 1 and 2) by following
the steps outlined below twice. These two codebooks will be
used for blocks with odd and even indices, respectively (see the
encoding step).

1. Generate 2"%0 independent and identically distributed
(iid.) z{ with distribution []_; p(z1;). Index these
codewords as 7 (wf), wf € [1,2"F0].

2. For each 7 (w}), generate 2"f0 iid. " with distri-
bution [, p(t;|z1; (w})). Index these codewords as
" (wf, wo), wo € [1,27F0].

3. For each z7 (w() and t" (w{,wy), generate 2"
ii.d. u} with distribution

(Ri+m)

n

[T pusilts Cat, wo) v ().

=1
Index these codewords as uf (w(,wp,wy,v1), wy €
[1,27F1], and v € [1,27F].
4. For each 27 (w)) and " (w),wo), generate 2"(Fz+Fz)
ii.d. uy with distribution

n

T p(uailti (wh, wo) , z1i (wp)).

i=1

Index these codewords as ul (wl, wo, wa,v2), wy €
[1,2"22] and vy € [1,271%2].
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5. For each a7 (w(), t" (w{, wo), uy(wf, wo,wy,vy1), and
ul (w{), wo, we, v2), generate one ™ with distribution

ﬁp(xi

=1

/ /
Ui (U}vaval;'vl) y W24 (w07w07w27v2) )

t; (w6/ ’lU()) ;T4 (w6)> .

Denote 2™ by & (w(, wo, w1, V1, Wa, Va).

Encoding: We encode messages using codebooks 1 and 2,
respectively, for blocks with odd and even indices. This is done
because some of the decoding steps are performed jointly over
two adjacent blocks, and having independent codebooks makes
the error events corresponding to these blocks independent. The
probabilities of these error events are thus easy to evaluate.

At the beginning of block 4, let (wq;, w1, wa;) be
the new message triple to be sent in block 2, and
(wofi—1], w1[i—1], Wa[i—1)) be the message triple sent in block
i — 1. The source encoder first tries to find a pair (vy;,v2;)
such that

(ilf?(wo[i—u); " (wofi—1], woi), w1 (Wo[i—1], Woi, W1i, V1i),

Ug(wo[iq],wouwm,v%)) € T (Px,rv,v,)-

One can show that such a pair exists with high probability for
sufficiently large n if (see [18])

R| + Ry > I(Ur; Uo|T, X1).

The source then sends =" (wo[i—1], Woi, W1i, V1is W2i, V2;)-

At the beginning of block ¢, destination 1 (the relay) has de-
coded the message wo[;—1] and transmits 27 (wo[;_17). We list
the codewords that are sent in the first three blocks in Table I in
Section III for an illustration.

Decoding: The decoding procedures at the end of block ¢
are as follows:

1. Destination 1 knows wg[;_1) and declares the message pair

(12)(()1), 114 ) 18 sent if there is a unique triple (12)(()?, W4, 014)
such that

n n ~(1
(3?1 (woi—1),t (wo[iq];w(()i)) )

u? (wo[i—1]7 ’UA)((JP7 Wi, @11) 7y?(5)) € TEn(PX1TU1Yl)
where 47 (7) indicates the output sequence at destination 1

in block 2. One can show that the decoding error in this step
is small for sufficiently large n if

(47)

R1 + Rll <I(Uv1;Y—1|jv7 Xl)

R0+R1+Rll <I(TU17Y1|X1) 48)
2. Destination 2 knows  wo[;_gj and  decodes
(wofi—1],wo[i—1)) based on the information re-

ceived in block 7 — 1 and block 7. It declares that the
message pair (121(()?2.)71], ;1)) is sent if there is a unique

tuple (12/(()?3_1], Wa[i—1], Va[i—1]) such that
n n ~(2
(3?1 (woi—27),t (wo[iﬁ],wé[i)_l]) )
n (2 . R e
Ug (wo[i72]>w(()[i)_l];w2[i71]-,’02[i71]) Yz (1 — 1))
€ Ten(PXlTUQYQ)

and (;1:? (“A’(()?i)ﬂ]) 7y’;(L)) € T (Px,y,)-
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One can show that the decoding error in this step is small
for sufficiently large n if

R2 + RIQ <I(U2;)/2|T’7 Xl)

Ro + Ry + Ry < I(T, X1, Us; Y3). (49)

Combining (47)—(49), we find that R is achievable.

APPENDIX 11
PROOF OF THEOREM 4

Consider a code with length n and average block error prob-
ability P,. The probability distribution on the joint ensemble
space Wy X W1 x Wa x X™ x X' x Yi' X V3 is given by

n n n n
p(wo, wy, we, z", 27, YT, ys )

= p(wo)p(wy)p(wa)p(x" |wo, w1, ws)

: H [I{wh:fz (yi—l)}P(yu‘, Yoilws, xu)} (50)
=1

where Iy, is the indicator function that is 1 if its argument is
true, and is 0 otherwise.
By Fano’s inequality [27, Sec. 2.11], we have

H(Wo|Y7") < H(Wo, Wh|Y7")
S n(RO + Rl)Pe + 1:= ’I”L(Sl
H(WolY5') < H(Wo, Wa|Y5")

<n(Ro+ R2)P. +1:=nby (51
where 81, 62 — 0 if P, — 0. Similarly, we have
H (Wh|Y") < H(Wy, Wh|Y]") < néy
H(Ws|Yy") <H(Wo, Wa|Y5") < nbs. (52)
We define the following auxiliary random variables:
T, = (Wo,y;?—l, QTE'H-I]) S fori=1,2,....n (53)
Ui = (WQ,Yf*RYZTfiH]) C fori=1,2,...,n. (54)
We first bound the common rate Ry:
nRy =H(Wy) =1 (Wy; YT") + H(Wy|Y]")
L (Wos v) + nb
®) ST (Wos Y Yi ™" Xui) + néy
i=1
¢ Z[ (VuilX1i) = H (YailWo, {7, Xai, Vit )|
+ n51
DS (T3 Vil Xi) + by (55)

i=1

where (a) follows from Fano’s inequality in (51), (b) follows
because X; is a function of Y; ™!, (c) follows because con-

ditioning does not increase entropy, and (d) follows from the

definition of 7; given in (53).

nRo + nk;

nRo + nRy =

3529

We can similarly derive the following upper bound on Ry:
”Ro =HWo) =1 (Wo:Yy") + H (Wo|Y3')
I (Wo;Yy") + nd2

< 2": [ (Y% |Y27fi+1])

~.
=

- H <Y2i|W07Yf_17Y27[li+1]’X“)] + b

[H (Yai) — H(Yai|T;, X15)] + nés

-

i
I

I(T;, X145 Ya;) + nd2 (56)

I

h
Il
-

where (a) follows because conditioning does not increase en-
tropy. We now bound the sum rate Ry + R

= H(Wy, W)
=1 (Wo, Wi; Y7*) + H (Wo, W1 |Y7*)
<I(Wo, Wis Y{") + néy

@ ST (Wo, W Yaa Vi Xi) + néy

i=1

< Z[H(Yup(li)
i=1
— H (Yi,|Y{ ™, W, Wl,Xlz',Xi)} + néy

© S I(X Yl X0) + nby (57)
=1

where (a) follows because X; is a function of Y7 !, and (b)
follows from the Markov chain

(Y1, Wo, Wh) — (X1, Xi) — Y

We next derive an upper bound on the sum rate Ry + R»
(W07 W2)

(Wo, Wa; Yy') + H (Wo, W2 |Y5")
(Wo, WQ, Y2 ) + ’I”L(Sg

nRo + nRy =

1(Wo, Wai YailVgiiyy ) + b

&
Il
-

—~
o
~

M-

[H (Yo;) — H (Y2i|W07 W2, Yfitas

Il
-

Yf—l,Xu)} + nés

© Zl(Ti, Ui, X14;Y2;) + nbo
=1

(58)

where (a) follows because conditioning does not increase en-
tropy, and (b) follows from the definitions of 7; and U; given
in (53) and (54), respectively. We also have the following upper
bound on the sum rate Ry + Rs:

H(Wy, Ws)

:I(Wo,WQ;YQn) + H(WQ,W2|Y2n)
<I(Wo, Wai Y5") + mbs
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3

I (Wo, Ws; Y2i|Y2i_1) + ndy

(~
Il
-

R

(~
Il
-

[H(Y%)
-H (Y2i|WOvW2=Y2i_17X1i7Xi)] +nbe

& Z (X, X145 Ya) + nb (59)

where (a) follows from the Markov chain

(Wo, Wa, Y3 ) — (X15, X;) — Yoi.

We now introduce the following lemmas that will be useful
for bounding the sum rate Ry + R; + Rs.

Lemma 2:

n

ZI (Yzi;Y1i71|W0, W27Y27i+1]>
i=1

= ZI (Yli;Y2Ti+l]|W07 W27Y1i_1)
1=1

zn:I (Yzi;Yf_1|W07Y27fg+1])
i=1

=> 1 (n“yzrfiﬂﬂw(]?yf_l) '
i=1
Proof: See [28, Lemma 7].

Lemma 3:
I (Wo, Wa;Y5")

- Xn: [I (Wo, W2, Y73 Y37) — 1 (Wo,WLYf;YQ?Hﬂ)]

where Y79 = 0.

Proof: By direct calculation. O

Define § := 261 + 62. We obtain the following bound on
Ro+ Ry + Ra:

nRy +nRi +nRy
ST (Wos Yi') + T (Wi Y') + 1 (Wa; Y5') +nd
< T (Wo; Y + T(Wy; YT, Wo, Wa)
+ 1 Wy Y3', W) + nd
T(Wo; YT') + 1 (Wi Y'[Wo, Wa) + 1 (Wa; Yy' [Wo)
+ L (Wos Y [Wo) — T (W Y'|[Wo) + nd
=1 (Wo, W1, Wo; YT") — I (Wa; Y{"|Wp)
+ T (W Y3 |[Wo) + nd

@)

(60)

where (a) follows because Wy, Wy, and W are independent.
For the first term in (60), we obtain the following bound:

I (Wo, Wy, Wo YT)

= Z T (Wo, Wy, Wa; Vi |V~ 1, X1;)

i=1
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< Z[ (Y1 X1,)

— H (Y1;|Wo, W1, W27Y1i717X1i7Xi)]

b n

1

H (Y1i|W07Y1i71;X1i;Xi):|

<.
Il

(c)
<

-

@
Il
-

(Vi) X15)

—H (Y1i|W0~/Y1i_lv 2?i+1]’X”’Xi)}

3

I(T£7Xi§Y1i|X1i) (61)

where (a ) follows from the chain rule and because Xi; is a

function of Y7~ (b) follows from the Markov chain
(Wo, Wy, W, YY) — (X1, X;) — Y

and (c) follows because conditioning does not increase entropy.
For the sum of the second and third terms in (60), we obtain the
following bound:

— (W3 Y{' W) + 1 (Wa; Y| Wo)
- ;[—
@ > [_I (W27Y27[L’£+1]5Y1i|W07Y1i_1)

1=1

1 (Vgfags Vi Wo, Wa, Y1)

I (Wi YislWo, Yi™0) + 1 (Wa3 Yail Wo, Yoy )|

1 (Wa, Y{ 3 Yail Wo, Yy )

_I(YZ b Yo | Wo, Wa, Y [“rl]ﬂ

3

O o (i)

—_

<.

+I(W27Y1 5 Y| W, Y, t+1])}

—~
8]
-~

Il

<
Il
—

[_I (Y27i+1]3 Y1 Wo, Yli_l)
-1 (Wz;Y11:|W0;Yii_1>Y27Ei+1]’X”)
+1 (Yf’_l; Y2'i|W0aY27Ei+1])

+ 1 (W2 Y21|WO an+1]’

17X1i):|

@ Z[_I (W2§Y1i|W07Y1i717 2T[Li+1]’X1i>

—_

=,

+I(W27Y21|W0 1+1]7Y1 ! Xlz)}

© Z[ (Uss Yl T Xui) + 1(Us Yl T2, X12) | (62)
where (a ) follows from the chain rule, (b) follows from Lem-
ma 2, (c) follows from the chain rule and the fact that X; is
a function of Y; ™', (d) follows from Lemma 2, and (e) fol-
lows from the definitions of 7; and U; given in (53) and (54),
respectively.
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We substitute the bounds (61) and (62) into (60) and obtain

7’LRO + 7’LR1 + RRQ
< Z[I(Ti,Xi;YMXu) = I(Us; Yol T3, X14)

+ I(U;; Y2i|TiaX1i):| +né

= s [I(Ti;Y1i|X1i>+I(Xi;Y1i|Ti7X1i)
i=1
— I(Us; Y14 | T, X1q) + 1(Us; Y2i|Ti,X1i)] +no
= 4" [I(Ti;YMXu) + H(Yu|T:, X1:)
- — H(Yu|T;, X1, Xi) — H(Yu|Ti, X1:)
+ H(YyulTi, X1, Us) + I(Ui§Y2i|Ti7Xli)} +néd
= 3 [T Yulas) — BT, X, X0
i=1
H(Y1|Ti, X3, Us) + I(Ui§Y2i|Ti7X1i):| +nd
(a) &

< [ (Ti; Yiil| X15) — H(Yul T3, X14, X3, Us)

3531

[I(Ti;Yh‘,|X11¢) + I(X;; YT, X4, Us)
i=1

+ 1(Us YailTi, X13)| + (63)

where (a) follows because conditioning does not increase
entropy.

‘We can also bound the sum rate Ry+ 1+ o as shownin (64)
at the bottom of the page, where (a) follows from Lemma 3, (b)
follows from the chain rule, (c) follows because conditioning
does not increase entropy, because I(A; B|C) < I(A,C; B),
and because X; is a function of Yy =%, (d) follows from the
Markov chain (WO,WQ,Wl,Yf_l) — (X1, X;) — Yy,, and
from the definitions of T; and U;, and (e) follows because con-
ditioning does not increase entropy.

Finally, consider the following bound on Ry + R; + Rs:

nRy+nRy + nRs
< T (Wo, Wy, Wi YT', Y5") 4+ nd

& > T (Wo, Wy, W Yig, Yai Yy, Y371 X i) + nb

i=1

<

-

[H(Y1i7Y2i|X1i) — H (Y1, Yai|Wo, Wy, W,

=1

Yi-1, v XlZ,X)} +né

=1 -
®) LYV )
+ H (Y| Ti, X1i, Us) + I(Ui;Y2i|TiaX1i):| +nb - Z;I(X“YMYZZ'XM) o (65)
nRo+nRi+nRy <IT (Wi Yi")+1 (Wo, Wa; Yo' )+nd
ST (Wi Yo', Wo, Wa)+1 (Wo, W3 Y5 ) +néb
:I(W17Y1W|W(],W2)+I(W07W2ay2n)+n6
O [ (WA Yia Wo, W Vi) T (Wo, W, Vi3 Vi) =T (Wo, Wa, Y3 Vg )| 40
1=1
(:)Z[I (W17Y17|W07W27Y1 1)+I <W07W2 YL ' Y[7+1])+I <W07W2’Y1 ' Y21| 2[1+1])
1=1
-7 (Wo,W27Y 71; 2T[li+1]) -1 (Yu;YQT[Li+1]|WO7W27Y1*1):| +nd
_ [I (Wl;Y1i|W07W27 )+[ (W07W2 YZZ|Y L+1]) I(Yu;YZTEZ'+1]|W07W27Y1*1)]—|—n5
1=1

L 27fi+1])}+n5

S ZI:_H (Yli|W07 W27 Wlayli_lathXi)_l'I (W07 W27Y1i_1,Y2n[li+1],Xli;YQi)

H <Y1i|Wo7W27Yi£_17Y57f¢+1]7X1i)} +nd

:Z |:I(Xi§Y1i|Tq',> Ui, X1,)+I1(T;, UizXl'i§Y2'i):| +nd

i=1

= [—H (V1| Wo, Wo, Y{™1, Xy, X3) + (T3, Uy, Xuis Yo )+ H (Y1 | T3, Uz‘,Xu)] +no

(64)
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Case 4

Fig. 11. Five cases of the region R3.

where (a) follows because X; is a function of Y; !, and (b)
follows from the Markov chain

(Wo, Wi, Wo, {71 V7Y — (X1, X;) — (Yai, Yai). (66)

Note that the random variables 7", U™, X", X1, Y", Y5* do
not satisfy the Markov chain

(T3, Ui) — (X1, Xi) = (Y1i, Y2i). (67)

This is because at time ¢, the current output Y7; affects the fu-
ture relay inputs X {L[i 41 which affect the future outputs Yz’fi +1]
that are contained in random variables 7; and U,. Hence, Y7;
can be correlated with 7; and U; even conditioned on the cur-
rent inputs X, and X;. However, the Markov chain (T}, U;) —
(X1, X;,Y1;) — Yo is satisfied.

We now reduce the upper bounds to a single-letter character-
ization. We introduce a random variable () that is independent
of Wy, Wi, Wo, X, X1, Y], Y5", and is uniformly distributed
over {1,2,...,n}. Define T = (Q,Tp), U = (Q,Ug), X =
Xg, X1 = X10,Y1 =Yig,and Y, = Y. By using these def-
initions, the bounds (55)-(59) and (63)—(65) can be transformed
into the single-letter bounds in Theorem 4 by following standard
steps (e.g., [3, Sec. III]).

APPENDIX III
PROOF OF ACHIEVABILITY AND GEOMETRIC ILLUSTRATION
FOR R3 IN THEOREM 3

Although the achievability of R3 can be directly seen from
the achievability of Ro in Theorem 2, it is instructive to derive
R3 from R} in Theorem 1 by exploring the geometric struc-
ture of R3. In the following, we assume that 1(7;Y7]|X;) <
I(T, X1;Y5). The case where I(T;Y1|X1) > I(T, X1;Y>) can
be proved in a similar way as outlined below.

The region R 3 in Theorem 3 can have five possible structures
(see Fig. 11) depending on how the bounds on the rates Ry, Ro+
Ry, Ry + Ry, and Ry + Ry + R, compare with each other. We
will show that the region corresponding to case 5 is achievable,
where all four of the bounds on Ry, Ry + Ri, Ro + R», and
Ro+ R1 + R» are needed for some rate points. The achievability
of the regions for the other cases is either easy (binning is not
necessary) or can be similarly proved.

Case 5

I(T,U;Y;| X))

I(T,UY | X)+1IU Y, |T,X)—IUU,|T, X))

Fig. 12. Case 5 of the region R.

We plot R3 corresponding to case 5 in more detail in Fig. 12.
To prove this region is achievable, it suffices to show that the
two corner points, A and B, are achievable. The rate triples in
the rest of the region can then be achieved either by time-sharing
or by converting part of R to R; or R, according to Lemma 1.

The rate triple for corner point A is given by

R$ =1(T;Y1]X1)
R = 1(U;;W1|T, X1)

RA :I(UQ;Y2|T7X1)—I(Ul;U2|T,X1). (68)

It is easy to check that this point is in R} in Theorem 1 by
choosing R| = 0and R}, = I(Uy; Us|T, X4). Hence, the corner
point A is achievable.

The rate triple for corner point B is given by

R§ = I(T;Y1|X,)
RY = I(T,Ui;Y1|X1) = I(T, X1;Y2) — I(Uy; Us|T, X1)
RE =1(T,Us, X1;Ys) — I(T; Y1| X1). (69)

One can also check that the following rate triple is in R} by
choosing R} = I(Uy; Us|T, X1) and R, = 0:

Ry =I(T, X1;Y2)
Ry =I(T,Uy; Y1|X1) — I(T, X1;Ya) — I(Uy; U2|T, X1)
R2 :I(U2/Y2|T7X1) (70)
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TABLE 11
CODEWORDS SENT TO ACHIEVE C,,. IN THEOREM 9
block 1 block 2 block 3
Relay codewords | z7(1) 27 (wo1) T (woz)
2{(1, wor, w11) | Th(wor, woz, w12) | Th(wo2, wos, w13)
Source codewords — n n
zh(1,1) zh (wo1, wa1) & (woz, Wa2)

But the rate triple in (69) can be expressed in terms of (70) as
(RE,RY,RY) = (Ro— 6, R1, Ry + 6)

where 6 = I(T, X1;Y)—I(T;Y1|X1). Hence, the corner point
B is achievable by Lemma 1 in Section III.

APPENDIX IV
PROOF OF ACHIEVABILITY FOR THEOREM 9

Suppose destination 1 (the relay) uses the decode-and-for-
ward scheme by forwarding only Wy. We transmit in B blocks
that each has length n (we again use the same notation for
the block length as in Section II). For the first B — 1 blocks,
a message pair (wo;, wy;) € [1,2"%0] x [1,2"F1] is encoded
into a codeword z7 and sent through the source-to-relay
channel, where 7 denotes the index of the block and
1 =1,2,...,B — 1. For the blocks indexed by « = 2,..., B,
a message pair (wop_1), wap—1]) € [1,2"F] x [1,2"R=2] js
encoded into a codeword z'}, and sent through the channel
from the source and relay to destination 2. The average rate
triple (RoZ5%, RiZ51, Ry B51) over B blocks approaches
(R07R1,R2> as B — oo.

‘We use random codes and fix a probability distribution

p(x1)p(zr|z1)p(zDl21)p(Y1 TR, 1)P(Y2]T D) 22). (1)

Random Codebook Generation:

1. Generate 2"%o iid. z7 with distribution [[;_, p(71;)-

Index these codewords as =7 (w}), wj € [1,2"R0].

2. For each 27 (w), generate 2"(Fo+81) jjid. o7 with dis-

tribution [T, p (2 ri|21; (w()). Index these codewords as

z% (wh, wo, w1 ), wo € [1,2"F0], and wy € [1,2"F1].

3. For each =7 (w)), generate 2"%2 ii.d. 27 with distribu-

tion [, p(zpilz1; (wg)). Index these codewords as

o7 (wh, wa), we € [1,2772].

Encoding: At the beginning of block ¢, the source sends
x}’z(wo[i,l],wgi,wli) and x%(wo[i,l],wz[i,l]). The relay
(destination 1) has decoded wyq; 1} transmitted in the previous
block. It then sends the codeword z7(wjq[i—1j). For conve-
nience, we list the codewords that are sent in the first three
blocks in Table II.

Decoding: The decoding procedures at the end of block ¢
are as follows.

1. Destination 1 knows wg;_1) and declares the message pair
oD o) if there i . () s
0i »W1i ) 18 sent 1f there 18 a unique pair | wy,”, Wi,

such that

n n ~(1) ny-
(3?1 (’wo[iq]):wR (wo[i&]»wéi),wu) » Y1 (Z))
€ T (Px,xpv1)-

One can show that the decoding error in this step is small
for sufficiently large n if

Ro + Ry < I(Xg; Y1|X1). (72)

2. Destination 2 declares that the message pair
(12)((]%2_1],1212[1-_1]) is sent if there is a unique pair

(“A’((J?i)_lp ;1)) such that

(ﬂf (wé@)—ll) 7D (wé?z')—l] ) “72[1‘—1]) Y5 (i))
€T (Px,x,v,)-

One can show that the decoding error in this step is small
for sufficiently large n if

Rs <I(XD;Y2|X1)

Ry + Ro <I(XD,X1;Y2). (73)

Combining (72) and (73), we find that the following region is
achievable:

p(z1)p(zrlz1)p(zp|z1)p(Yilzr,21)P(Y2|zD,21)
(R07R17R2) :
Ry >0,Ry >0,Ry >0,
Ro+ R1 < I(XR;Y1|X1),
Ry + Ry < I(Xp, X1;Ys),
Ry < I(XD;Y2|X1)

A
Ror -

(74)

We next show that the achievability of R/ implies the
achievability of C,,. in Theorem 9. Suppose that

(R67 IlaRIQ) € Cor;

if R, < I(Xp;Y2|X1) then (R{, R}, R,) € R, and this rate
triple is hence achievable. If R, > I(Xp;Y2|Xy), let R, =
I(Xp;Ys|X1) + «. Note that 0 < « < I(Xpg;Y1|X1) from
(29). Consider

0+ Ry =I(Xg; Y1|X1) - 8 (75)

sothat < B < I[(Xg;Y1|X1). Welet Ry = R + o, Ry =
R}, and Ry = R} — a. We obtain the following bounds on
(Ro, R1, R2) based on the bounds on (Rg, R}, R}):

Ro+ Ri =Ry + R +a=I1(Xg; Y1|X1) - B+«
<I(Xpg;Y1]X1)
R2 :R/2 — = I(XDaY2|X1)

R0+R2 :R6+RI2<I(X1XD,Y2) (76)

Hence, we have (Rg, R1, R2) € R.,.. According to Lemma 1,
the rate tuple (R{, R}, Ry) = (Ro — a, R1, Ra + «) is also
achievable. This concludes our proof.
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APPENDIX V
PROOF OF CONVERSE FOR THEOREM 11

Consider a code with length n and average block error prob-
ability P,.. The probability distribution on the joint ensemble
space Wy x Wy x X X At x ATy X X[} X Y1y X Yy x V5, X Vo
is given by

n n n n n n n n
P (Wo, w1, Ty, Ty, T g, Ty Ylas Y1b» Y2a» Yob)

= p(wo)p(w1)p(zy

n

'H[I

i=1

) |lwo, wy)

I
{ramtaiztoi) } {onmnizogh }
: p(ylai7 Y2ai |xai7 fE1ai)P(y1bi7 Y2bi |xbi7 l’un')] .
77
Note that the channels p(Y1ai,Y24i|Tai, Z1ai) and

P(Y1bi, Yobi|Tvi, v16;) satisfy the degradedness conditions
in (34). For convenience, we repeat these conditions here

P(Y1a, Y2a|Tas T1a) =P(W1alTa, T14)P(Y24 Y10, T1a)
Py, Yablzn, w16) = p(yaslze, 216)p(y1s|yas, 21p). (78)
We define the following auxiliary random variables:

T, = (WO,Yf;l,be—l,Y;;l,Y;b—l), fori=1,2,...,n.

(79)
Note that 7; satisfies the following Markov chain:
T; — (Xais Xvais Xois X16i) = (Yiais Y2ais Y1bis Yovi),
fort =1,2,....,n. (80)

We first bound the common rate Ry

nRo =H(Wy) = I (Wo; Yoy, Yay) + H (Wo|Ysg, Yay)
()
< T (Wo; Yoy, Yap) + noa

= ZI (Wos Yaai Yori[Yay ' Yoy ') + nby
=1

-

<
Il
-

(7 (Wos Vauil V7 Vi)

+17 (Wo;Yzbi|Y2imY2iz:1)} +nby

—
=2
~

3

< [H(Y2ai> - H(Y2m’|W07Yli,:17Y2i,:17Y1i1;17

Il
-

Yyt Xlai) +H (Yoi)

— H (Youi|[Wo, Y3, Yor ', Xi, X1bi) ] + nbs

n

—~
INo

[I(Ti, X1ai; Yoai) + H(Yapi)

&
Il
-

— H(Yopi | Xui, Xm‘)} + ndy

3

= [I(Ti7 X1ai; Yoai) + T(Xbi, X1bi; YQbi):| + ndo

81
where (a) follows from Fano’s inequality, (b) follows be-
cause conditioning does not increase entropy, (c) follows
from the definition of 7; in (79) and from the Markov chains
(Wo, Y4y, Yoy 1) = (Xui, X1pi) — Yabi.

[

1=
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We now bound the sum rate Rg + R;

nRy+ nRy = .H(VVO7 Wl)

=1 (Wo, W13 Y75, Yy) + H (Wo, Wi |YT,, Y7})
ST (Wo, Wi Y75, Y) + néy

1=1
+I(Wo,W1;Y1bi|Y1ia,be_1,X1bi)}
+ ndy
) )
< Z[H(Ylai|X1ai) - H(Y1m‘|W07W17Y1Za_17
1=1

Ylib_lelai:Xai) + H(Y1i| X1i)

- H(Ylbi|W07 WlaYiimeb_l,lei,Xbi)}

+ nd1

© Z [I(Xai;Y1m‘|X1m:) + I(Xpi; Y1b71|X1bi):|
i=1
+ (82)

where (a) follows from the chain rule and because (X714, X1p;)
is a function of (Y, *, ¥7,7), (b) follows because conditioning
does not increase entropy, and (c) follows from the following
Markov chains:

(Wo, Wi, Vi1 Vi) = (Xais X1ai) = Yias
(Wo, Wi, Yi,, Yoy ) = (Xupi, Xoi) — Yipi:  (83)
We can also derive the following upper bound on the sum rate

Ry + Rq:

nRy +nky

= H(W1) + H(W))

< T (Wi Y, Vi) + 1 (Wo; Yo, Yop) + o1 + noy

< T (WYY, Yoo, Y14, Yo, Wo) + 1 (Wo; Vs, Yap)
+nd1 + noa

[I(W1; Y1ais Y2ai, Y1vis Youi|Ti)
1
+ I(Wo;Y2ai;Y2b1:|Y27’a_17Y27’b_1)} + nbé1 + nos

K2

& Z[I(WHYMHTi»Xlai) + I(W1; Youil i, Y1ais X1ai)

=1
+ I(W1; Youi| Ti, Yiaiy Yoai, X1bi)
+ I(W1; Y16l T3, Yiai, Yaai, Yavi, X16i)
+ I(Wo; Yaail Yoy 1, Y5, )

+I(W0;Y2bi|y2ia7y2i{1):| +7’l51 +TL62

(g) Z [I(W1; Yiai |Tz7 Xlai)
i=1

+ L(W1; Yol Ti, Y1ai, Yaais X1bi)
+ 1 (Wos YaailVay ', Ve, )

1 (Wo3 Youi Vi, Vi )| + nbr + nés (84)
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where (a) follows from the chain rule and because (X14:, X15:)
is a deterministic function of (Y7, ',¥};™"), and (b) follows
because of the degradedness conditions given in (78). The first
term in the sum in (84) can be bounded as
I(W1; Y1ai|Ti, X1ai)
< H(Y14il T3, X14i) — H(Y16ilWh, Ti, X144, Xai)
© I(Xui; Viai| T, X101) (85)

where (a) follows from the Markov chain condition (W7, T;) —
(Xai, X1ai) — Yiai. The third term in the sum in (84) can be
bounded as

I (Wos Yauil Yoy ' Vo )
< T (Wo, Yigh You b Yy 1 Yo Xais Yaui)
= I(T;, X1ai; Yoai)- (36)
The sum of the second and fourth terms in the sum in (84) can
be bounded as
I(W1; Youi| Ty, Yiais Yoais X1vi) + 1 (Wos Youi|Vag, Yoy 1)
< T (W3 Yaus[Wo, Yia, Y, Vi - Yoy b X1ns)
+ 1 (Wo, Y1y, Yy b Xuni; Youi|Yag, Yy *)
=1 (Wo, Wi, Y1, Vi, Xuis Youi|Yag. Yoy 1)
< H(Yoi) — H(Y2bi|W07W17Y1imY1ib_17
Y2ia7Yéi[:17X1bi;Xbi)

@ I( X, X1pis Yabi)

where (a) follows from the Markov chain

(87)

(Wo,W17Yiia:Yf{1:Y2ia;Y§i{1) — (Xpi, X1bi) — Yop,.
(88)
Substituting (85)—(87) into (84), we obtain

nRo+nR; < Z |:I(Xai§Ylai|E7X1ai)
1=1

+I(Ti, X1ai; Yoai) + 1(Xbi, X1bis Y2bi)} + néd1 +nda.  (89)

Finally, we note that all the terms in the bounds
(81), (82), and (89) are determined either by the distri-
bution p(t;, Tai, T1ai,Yiai,Y2qi) Or by the distribution
P(Tbis T1bi, Y1vi, Y2bi). Hence there is no loss of gen-
erality to consider only joint distributions of the form
P(tis Tais T1ai)P(Tois T1pi) for (Ti, Xaiy Xiai, Xois X1vi).

The converse for Theorem 11 now follows by using standard
arguments (see the end of Appendix II and, e.g., [27, p. 402]).
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